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Abstract 

The category of exploded torus fibrations is an extension of the smooth 
category related to tropical geometry in which some adiabatic limits ap- 
pear as smooth families. This paper contains regularity results for families 
of holomorphic curves in this category. The main result is a local model 
for the moduli space of holomorphic curves, which in the case of transver- 
sality of the d equation implies that the moduli space of holomorphic 
curves has the appropriate regularity. (This includes regularity of families 
of holomorphic curves in the smooth category which exhibit bubbling be- 
havior.) A sketch of one method for constructing a 'virtual class' for the 
moduli stack of holomorphic curves using these local regularity results is 
included. 
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1 Introduction 



This paper does not include an introduction to the exploded category. Basic 
definitions can be found in |12j . and an informal motivation with pictures can 
be found in the introduction of [llj . available on the mathematics arXiv. 

Most results will be stated using regularity C°^'-, defined below. The regu- 
larity C°°'^ should be thought of as a generalization of smooth functions with 
an exponential decay condition of weight 6 at cylindrical ends. This regularity 
was defined in 12 and is briefly discussed again on pagefTSl 
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Definition 1.1. 

5'<S 

The following theorem will be proved on page [55l The notation M. refers to 
the usual Deligne Mumford space considered as a complex orbifold with normal 
crossing divisors given by its boundary components, and Expl M is the explosion 
of this discussed in [T^]. The map ExplA4+^ — > ExplyW is the explosion of 
the usual forgetful map from the moduli space of curves with one extra marked 
point to the moduli space of curves forgetting that extra marked point. The 
following theorem implies that ExplA^ represents the moduli stack of stable 
C°°'- curves, and that the map ExplA^+^ — > ExplTW is a universal family of 
stable (7°°'- curves. 

Theorem 1.2. Consider a C°°'- family of exploded curves (£, j) — > where 
Q < 5 < 1 so that each exploded curve has 2g + n > 3 where g is the genus and n 
is the number of punctures. Then there exists a unique fiber-wise holomorphic 
map 

^ (Expl^+i,j) 
i ^ i 

^ ExplA4 

so that the map on each fiber C factors into a degree one holomorphic map to a 
stable exploded curve €! and a holomorphic map from C to a fiber o/ExplA^^^ 
given by quotienting £' by its automorphism group. 
The above maps all have regularity C°°'-. 

This paper studies the regularity of families of holomorphic curves in a 
smooth family of targets in the exploded category, tt® : (S, J) — > 0, where 
each fiber 05 is a complete, basic exploded torus fibration with a civilized al- 
most complex structure J (in the terminology of [H]). We will often talk about 
families of curves / in *B — > © with various regularity which will correspond 
to commutative diagrams 

£(/) ^ » 

m ® 

where Ti'^j-j) : ^{f) — > is a family of curves (as defined in [12]). Where no 
ambiguity is present, this family is just referred to as ttj : £ — > ^. 

In what follows, we define an 'evaluation map' for a family of curves using a 
functorial construction of a family of curves /+" with n extra punctures from 
a given family of curves /. 

Definition 1.3. Given a submersion f : S) — > use the following notation 
for the fiber product of S over £ with itself n times: 

(D)^ -.^D fXfS fXf - fXf^ 
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Definition 1.4. Given a family of curves f in ^ — > © and n G N, the family 
/+" is a family of curves with n extra punctures 



satisfying the following conditions 

1. The family of curves f^'^ is f . 

2. The base of the family is the total space of the family 

3. The fiber of tt^^j^,^ : Uf+^) over a point p £ dif+^) = £(/) 

is equal to the fiber of TTy^y-j : £(/) — > d containing p with an extra 
puncture at the point p. 

4. The family of curves f'^^^ is ^/^^"^"'^■'^ 

5. There exists a fiberwise holomorphic degree 1 map 

£(/+!) €{f)^^x^^€{f) 
i i 
£(/) ^ £(/) 

so that the following diagram commutes. 

i _ i 

£(/) ^ «B 

5 ^ (S 

It is shown in appendix [XI on page [8OI that /+" exists and is smooth or (7°° — 

/ , \ n+l 

if / is. The above conditions imply that the map /+" : — > (05^ 
factors as 

£(/+") ^(g:(/))^ ^(», 



where the second map (£(/)) — > (*B) is given by the {n + l)-fold 

product of /, and the first map £(/+") — > \ €.{f)j is a degree one map. 
The construction of /+" is functorial, so given a map of famihes of curves 
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/ — > there is an induced map /+" — > This map /+" — > is 

/ ' \ n+l 

compatible with the naturaUy induced map f £(/) j _ — > {€(g))^^~y 

Combining with the map : — > ExplTW given by Theo- 

rem [T2] when n is large enough, we get the evaluation map 

ez;+"(/) := (et;",/+"-i) : ^ Expl>( x (<B j ^ 

The following notion of a core family gives a way of locally describing the 
moduli stack of C°°'- curves. A notion such as this is necessary, as the 'space' 
of curves with in 05 — > © of a given regularity can not in general be locally 
modeled on even an orbifold version of a Banach space - this is because the 
domain of curves that we study are not fixed, and because of phenomena which 
would be called bubble and node formation in the setting of smooth manifolds. 
(One analytic setup in which the moduli stack of curves could be described as 
a 'space' is an adaption to the exploded setting of the theory of polyfolds being 
developed by Hofer, Wysocki and Zehnder in a series of papers including [3]. 
An adaption of the theory of polyfolds to the exploded setting is a worthwhile 
direction for further research which is not explored in this paper.) 

Definition 1.5. A core family of curves, {f/G,{si},F) for an open substack 
O of the moduli stack of C°°'- curves in 05 — > is: 

• a basic C°°'- family f of curves with automorphism group G, 

£(/) ^ <B 



• a finite collection ofC°°'- 'marked point' sections Si : — > which 
do not intersect each other, and which do not intersect the edges of the 
curves in £(/). 

map, 

i I 
?(/) ® 

where Tyert^ indicates the vertical tangent space of the family OS — > ©. 

• For all curves f in f, a neighborhood ^""^(0)1/ o/O in the space of C°°'- 
sections of f*Tyert^ which vanish on the image of all the marked point 
sections Si. 

so that 

1. For all curves f in f , there are exactly \G\ maps f — > /. 

2. For all curves f in f , the smooth part of the domain £(/) with the extra 
marked points from {si] has no automorphisms. 
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3. The action of G preserves the set of sections {si}, so there is some action 
of G as a permutation group on the set of indices {i} so that for all g G G 
and Si, 

Siog = go Sgt^i) 

where g indicates the action of g on dif), or the set of indices {i} 

as appropriate. 

4- There exists a neighborhood U of the image of the section 

defined by the n sections {si} so that 

e«+"(/) : ExplM x (*B^ " 

is an equi- dimensional embedding when restricted to U . 



e 



5. The map F restricted to the zero section of f*T^ert^ is equal to f, andTF 
restricted to the inclusion of f*Tyert^ into the tangent space of f*Tyert^ 
over the zero section is the is the natural inclusion f*Tyert^ — > Tyert^- 

6. Given any curve f in f and section v of f*Tye^rt^ in P~^iO)\f > ihe curve 

dif) <3 

is in O. 

7. given any G°°'- family f in O, there exists a unique G°°'- fiber-wise 
holomorphic map 

i€{h,j) ^ m),j)/G 

and unique G°°'- section 

so that ip ^, restricted to any curve f is equal to the pullback of a section in 
F^^{0)\^^-,(^fi) (in particular ip vanishes on the pullback of marked points), 
and 

f' = Fo V-;, 

The last two conditions can be roughly summarized by saying that a C°°'- 
family in O is equivalent to a C°°'- map to ^{f)/G and a G°°'- section of some 
vector bundle associated to this map. Theorem l4.2l on page [^states that if the 
first five conditions hold, there exists some O so that the last two conditions 
hold. Proposition 231 stated on page 1631 constructs a core family containing any 
given C°°— curve with at least one smooth component. 
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Theorem 1.6. Given any stable C°°'- curve f with at least one smooth compo- 
nent in a basic family of targets, 25 0, there exists a C^'^ open neighborhood 
O of f in the moduli stack of C°°'- curves and a core family {f /G, {si}, F) for 
O containing f . 

Given any core family {f/G,{si},F) there is a canonical orientation of / 
given as follows. The sections {sj} define a section 

s : m ^?(/+") 
so that in a neighborhood of the image of this section s, the map 

ei;+"(/) : Expl Ai x (<b)^ 

is an equi-dimensional embedding. There is a canonical orientation of Expl M. x 
{^i^ relative to (5 given by the orientation from the complex structure on 

ExplAi and the almost complex structure J on the fibers of — > ©. There- 
fore, there is a canonical orientation of relative to 6 so that ei;+"(/) 
preserves orientations in a neighborhood of the above section s. This in turn 
gives a natural orientation of ^{f) relative to 6, because the fibers of each of 
the maps — >■ are complex. 



Now we shall start describing the d equation on the moduli stack of C°°'- 
curves. 

Definition 1.7. Given a smooth (or C°°'-) family, 

i TTgr J. TT© 

;? ^ (S 

1. Use the notation T^ert'^ to denote keidw^ C T(t and Ty^rt^ to denote 
kerdire C r«B. 

2. Define 

to be df restricted to the vertical tangent space, Ty^.j-t'^ C T£. 

3. Define 

9f ■= ^ {dvertf + Jo dyertf O j) 



Consider 

df e r ((T^c/Trjr*^) ® (/*T„e.i« 



0.1 



As the above bundle is cumbersome to write out in full, and can be considered 
as the pull back of a vector bundle Y over the moduli stack of C°°'- curves, use 
the following notation: 
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Definition 1.8. Use the notation Y{f) to denote (^{T*t/'KtT*'S) ® (/*T^,ert'8^ 

which is the sub vector bundle of (T*<L/7r^T*^^ (E)w^(^f*Tyi,rt^^ consisting of vec- 
tors so that the action of J on the second factor is equal to —1 times the action 
of j on the first factor. 

Note that given any map of families of curves / — > g, there is a correspond- 
ing map of vector bmidles Y{f) — > Y{g). 

In what foUows, we define obstruction models {f/G,V) which can be re- 
garded as giving a kind of C°°'- Kuranishi structure to the moduli stack of 
holomorphic curves. Roughly speaking, an obstruction model is a C°°'- core 
family f/G with a finite dimensional vector bundle V over ^{f) so that df 
can be regarded as a C°°'- section d : d{f) — > V, and so that an open sub- 
set of the moduli stack of holomorphic curves is equal to the intersection of 
this d : d{f) — '' V with the zero section. In the case that this section d is 
transverse to the zero section, this implies that the moduli stack of holomorphic 
curves locally has regularity C°°'-. 

Definition 1.9. A simple perturbation parametrized by a family 



(0,1) . . 

over £ X 05 with 



is a section P of the bundle (^(T*i/T:^T*^'j (^T^ertS)^ 

the same regularity as f which vanishes on all edges of the curves which are the 
fibers of €. 

Say that a simple perturbation is topologically compactly supported if the 
section P vanishes outside of a topologically compact subset o/ £ x 03. (For 
the use of the word 'topologically' see page 10 of '121.) Say that two simple 
perturbations parmetrized by f are C'^'^ close if the corresponding sections are 
C'''^ close. 

Definition 1.10. A C°°'- obstruction model {f/G, V) for a substack O is given 
by 

1. a G°°'^ core family {f/G, {s,}, F) for O 

{i,j) ^ (»,J) 

J. TTy J, TT® 

% ^ <& 

2. a vector bundle V over ^ with an action of G compatible with the action 
of G on ^ and a G equivariant C°°'- section called d 

V 

its 
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3. a C°°'- map of vector bundles over £ 

^*(V) — . Y{f) 

which vanishes on the edges of the curves in €. — > ^, and so that the 
following diagram commutes 

it TT^ O 9 O TT^ It a 

The 77^ from the upwards map on the left hand side needs to be interpreted 
as something which takes sections over of V over ^ and spits out sections 
over €. 



The above map t^^{V) — > Y{f) must be non trivial in the sense that for 
any nonzero vector in V, there exists a choice of lift to a vector in Tr^{V) 
which is not sent to 0. (Said differently, a point {p,v) € V corresponds 
under the above map to a section of n^{V) over the curve which is the 
inverse image of p This section is the zero section if and only if v is 
0.) 

Note that a section 'S — > V corresponds to a section of € — > ^{f) ■ C'a/i 
such a section of £ — > Y{f) 'a section of V '. 

4- An identification of Y{F{i>)) with Y{f) for any section v of f*Tyert^ 
induced from a C°°'- isomorphism from the bundle F*Tygrt^ to the ver- 
tical tangent bundle of f*Tyert^ which preserves J. In other words, if 
TT : f*Tyeri^ — > € denotes the vector bundle projection, a C°°'- iso- 
morphism between the two vector bundles F*Tyert'^ and 7r*/*T„erfS over 
f*Tyert^ which preserves the almost complex structure J on Tygj-t^- This 
can also be written as a C°°'- vector bundle map 

F Ty^i-f^ ^ f TyQi-f^ 

I I 

f*n,rt^ i 

One way such an identification arises is by parallel transport given by a 
C°°'- connection. 

5. A C^'^ neighborhood U of Q in the space of C°°'- simple perturbations 
parametrized by f so that given any simple perturbation P gU, 

(a) There exists a unique C°°'- section v of f*Tyert^ so that v restricted 
to any curve f is in F~^(0)\f, and so that dF{v) ~ P{F{i')) + v 
where v is a section of V considered as a section ofY{F(v)) using 
the identification ofY{f) with Y{F{i')). (In the above, P{F{v)) is 
shorthand for the section of the bundle Y{F{i')) over = € 

given by {id, F{iy))* P.) 
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(b) Given any curve f £ f, there exists a unique curve f in O so that 
/' = F{i') for some section v of f*Tyert^ in P^^{'^)\f ' 0,"^^ df = 
P{f') + V where v is some vector in V over f considered as a C°°'- 
section ofY{f') using the identification ofY(f') with Y(f). 

An obstruction model {f/G,V) is said to be extendible if f/G and V are 
the restriction of the corresponding objects from some other obstruction model 
to a topologically compactly contained subset. 

For any obstruction model (/ /G, V) , the vector bundle V over ^ is given a 
canonical orientation relative to ^ as follows: For a given curve / in /, the space 
X of C°°'- sections of f*Tyert^ vanishing at the marked points corresponding 
to {si} is a complex vector space, as is the space of C°°— sections of Y{f), which 
we shall call Y. Consider the map d : X — > Y given by defining dv as d of 
the map F{i/) considered as a section of Y{f) using item [4] above. There exist 
Banach spaces Xs and Yg with X C Xs and Y cYs dense so that d : X — > Y 
extends to a G^ map d : Xs — > Ys so that Dd{0) : Xs — > Ys is injective and 
Fredholm, and so that the restriction of V to f £ ^, V{f) is complementary 
to the image of Dd{0). The operator Dd{Q) is homotopic through Fredholm 
operators to a complex Fredholm map (p : Xs — > Ys (which corresponds to 
the usual linear d operator). As (f> is complex, the kernel and cokernel of 4> are 
canonically oriented. The spectral flow of Dd{0) to (j> then gives an orientation 
of the sum of the cokernel of Dd{0) and the kernel of Dd{0). As Dd{0) is 
injective, this gives an orientation for the cokernel of Dd{0), which gives an 
orientation for V{f). This orientation is the canonical orientation of V relative 
to 5^. 

Therefore, any obstruction model {f/G, V) has a canonical orientation which 
is an orientation of / relative to & and an orientation of V relative to /. This 
gives an orientation relative to 25 for the transverse intersection of any two 
sections of V. 

The existence of obstruction models is proved on page It follows from 
the existence of core families and Theorem 13. 171 on page [551 

Theorem 1.11. Given any holomorphic curve f with at least one smooth com- 
ponent in a basic family of targets 05 > ©, there exists an obstruction model 

[f/G,V) for a G^'^ open substack O of the moduli stack ofG°°'- curves so that 
f is isomorphic to a member of the family f . 

Obstruction models give a local model for the behavior of d on the moduli 
stack of curves. For the construction of the virtual moduli space of holomorphic 
curves, we need some way of dealing with the usual orbifold issues that arise 
when dealing with moduli spaces of holomorphic curves. I think that the best 
way of defining the virtual moduli space probably involves the use of Kuranishi 
structures, first defined by Fukaya and Ono in [2]. A generalization of the Kuran- 
ishi homology developed by Joyce in [S] should extend to the exploded setting, 
however this is not done in this paper. Instead, we shall work with weighted 
branched objects. There are a few approaches to weighed branched manifolds - 
our definition below only allows the definition of weighted branched sub objects, 
and is subtly different from the definition given by Cieliebak, Mundet i Rivera 
and Salamon in Ij or the intrinsic definition is given by Mcduff in |10j , because 
our definition has the notion of a 'total weight' and allows for the possibility 
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of an empty submanifold being given a positive weight. I do not know which 
approach is better. 

Definition 1.12. The following is a construction of a 'weighted branched' ver- 
sion of any sheaf of sets or vector spaces. 

Given a vector space V, consider the group ring of V over M. This is the 
free commutative ring generated as aM. module by elements of the form t^ where 
V G: V and t is a dummy variable used to write addition on V multiplicatively. 
Multiplication on this group ring is given by 

Wit''' X ws^^ = (w;iW2)t"^+''" 

where Wi £ R, t is a dummy variable, and Vi G V. Denote by wb{V) the 
sub semiring of the group ring of V over M consisting of elements of the form 
X^i=i Wit^^ where wi > 0. 
There is a homomorphism 

Weight : wb{V) — > R 

(n \ n 

i=l / 1=1 

Similarly, if X is a set, consider the free M module generated by elements of 
the form t^ for x € X. Define wb{X) to be the 'R'^ submodule' consisting of 
elements in the form of finite sums J2^=i'^it^' where Wi > 0. The homomor- 
phism Weight : wb{X) — > M is defined similarly to the case of vector spaces: 

Weight{J2 Wit'"' )=Y,'^i- 

Given a sheaf S with stalks Sx, define the corresponding weighted branched 

sheaf wb(S) to be the sheaf luith stalks wh{Sx)- Call a section of wb{S) a weighted 
branched section of S. The Weight homomorphism gives a sheaf homomorphism 
of wb{S) onto the locally constant sheaf with stalks equal to [O.cc). (The weight 
of a section of wb{S) is a locally constant, [0, oo) valued section.) We shall 
usually just be interested in weighted branched sections of S with weight 1 . 

This construction allows us to talk of the following weighted branched ob- 
jects: 

1 . A smooth weighted branched section of a vector bundle X over a manifold 
M is a global section of wh{C°°{X)) where C°°{X) indicates the sheaf on 
M of smooth sections of X. In particular, such a weighted branched 
section is locally of the form 

n 
i=l 

where Ui is a smooth section. This section has weight 1 if ^ = 1. 

2. Given a vector bundle X over the total space of a family of curves € — > ^, 
a C'^'^ weighted section of X branched over \^~\ is defined as follows: 
consider the sheaf C'^'^{X) over the topological space [JJ] which assigns 
to each open set U C [5] , the vector space of C*^''' sections of the vector 
bundle X restricted to the inverse image of U in £. Then a C'''^ weighted 
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section of X branched over \^'\ is a global section of wb{C'^'^{X)). Such 
a weighted branched section is equal to 'Y^Wit^* restricted to subsets of 
our family sufficiently small in [^J] where indicates a C'''* section of 
X. Note that considering C*''* sections of X as a sheaf over different 
topological spaces allows different branching behavior. 

3. For any topological space X, consider the sheaf of sets S{X), where S{U) 
is the set of subsets oi U. A weighted branched subset of X is a global 
section of wh{S{X)). (An example of what is meant by 'branching' in 
this context if X = R, the global section t^-^-^) + t(o.i) = ^(-I'l) + 1(0'2)^ 

t(-2,-l) +^(0,1) = i(-2,-l)u(0,l) +^0^ but t(-l,0) +^(0,1) ^ i(-l,0)U(0,l) ^^0 ) 

4. For any smooth manifold M, consider the sheaf of sets S{M) where S{U) 
is the set of smooth submanifolds of U. Then a smooth weighted branched 
submanifold of M is a global section of wh{S{M)). Locally such a weighted 
branched submanifold is equal to 

n 
i=l 

where each Ni is a submanifold. Note that Ni might intersect Nj, and Ni 
might be equal to an empty submanifold. 

Similarly, one can talk of weighted branched submanifolds which are proper, 
oriented, or have a particular dimension. 

5. An n-dimensional substack of the stack of C°°'- curves is a substack equal 

to / where / is an n-dimensional C°^'- family of curves. (In other words, 
a C°°'- family /' in this substack is equivalent to a C°°'- map /' — > /.) 
Define a sheaf of sets X over the stack of C°°'- curves M by setting 
X{U) to be the set of complete oriented n-dimensional C°°'- substacks 
of i7 C M. A complete oriented weighted branched n-dimensional C°°'- 
substack of is a global section of wb{X) with weight 1. The support of 
such a weighted branched substack is the set of curves / so that there is 
no neighborhood of / in which our weighted branched substack is equal 
to the empty substack with weight 1. 

Definition 1.13. A multi-perturbation on a substack of the moduli stack of 
C°°'- curves O d M. is an assignment to each C°°'- family of curves in O, 
f — > O a choice of C°°'- weighted section of Y{f) branched over l^] with 
weight 1 so that given any map of families of curves f — > g, the weighted 
branched section of Y{f) is the pull back of the weighted branched section of 
Y{9). 

Example 1.14. 

A simple perturbation P parametrized by / where //G is a core family for O 
defines a multi-perturbation on O which is a weighted branched section {f')*P 
of Y{f') for all families of curves /' in O as follows: 
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Recall from the definition of the core family f jG that given any C°°'- family 
/' in O, there exists a unique map satisfying certain conditions 

£(/') ^ e:(/)/G 
i i 

Given such a map, around any point p € d{f), there exists a topological neigh- 
borhood U oi p so that restricted to the lift U of f/ to €{f') Hfts to exactly 
|G| maps : U £(/) 

£(/') dU ^ £(/)/G 

Recall that the simple perturbation P is some C°°'- section of the bundle 

((r*e:(/)/^;(;)T*^(/)) ® (r^ertS))'"''^ over £(/) x *B. We can pull this 

section P back over the maps {^u,g,f') to obtain \G\ sections {^u,g, f')*P of 
the bundle Y{f') restricted to U. Define our weighted branched section {f')*P 
of Y{f') over U to be 

sec 1^1 

This construction is clearly compatible with any map of families /" — > 
/' in O, so the above local construction glues together to a global weighted 
branched section of Y{f'), and we get a multi-perturbation defined 

over all families in O. Note that f*{P) is not just {id, f)*P, but the weighted 
branched section which is X^ggc f^*^^'''^'*^ where g indicates the action of the 
group element g : £(/) — > ^{f)- 

Definition 1.15. Say that a family g of curves meets a suhstack O with a core 
family f /G properly if the following holds. Let g\o indicate the sub family of 
g consisting of all curves contained in O, let i : ^(fflci) — * tC(ff) indicate the 
natural inclusion, and let : C(ff|e>) — ^ <t.{f)/G indicate the projection from 
the definition of a core family. Then the map 

{i„^S\J:C{g\o)^C{g)x€{f)/G 

is topologically proper. 

Say that a suhstack U meets O properly if every family g in U meets O 
properly. 

Example 1.16. 

Let P be a compactly supported simple perturbation parametrized by a core 
family f /G for O, and let U meet O properly. Define a multi-perturbation on 
U as follows: If ^ is a family in lA, and g\o indicates the sub family of all curves 
contained in O, let g*P indicate the weighted branched section of Y{g) which 
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when restricted to equals the multi perturbation {g\o)* P from example 1 1.1 41 
and which is equal to the zero section with weight 1 everywhere else. As g meets 
O properly and P is compactly supported, g*P is a C°°'- weighted branched 
section if g is C°°— . 

The following theorem discussed beginning on page 1751 should be thought of 
as outlining the construction of a 'virtual class' for a component of the moduli 
stack of holomorphic curves. This virtual class is a cobordism class of finite 
dimensional C°°'- weighted branched substacks, oriented relative to <6. Other 
approaches such as those used in [2], [5], [4], [6], [7], [13], [9] and [M] should 
also generalize to the exploded setting. The existence of obstruction models 
and the compactness results proved in [I^j imply that given any basic family 
of targets 05 — > © with a family of strict tamings in the sense of [12] and 
a topologically compact subset 6' C 25, the stack of holomorphic curves in 
any connected component of the moduli stack of C°°'i curves over 25' may be 
covered by a finite number of extendible obstruction models. The following 
theorem constructs a 'virtual class' for this component of the moduli stack of 
holomorphic curves using these obstruction models. 

Theorem 1.17. Given 

• a basic family of targets 03 > © with a family of strict tamings in the 

sense of 

• a connected component of the moduli stack of C°°'- curves in *B — > 0, 

• a topologically compact subset 25' C ©, 

• and any finite collection of extendible obstruction models covering the mod- 
uli stack of holomorphic curves over & in our connected component of the 
moduli stack of C°°'- curves, 

each obstruction model may be modified by restricting to a topologically open 
subset covering the same set of holomorphic curves, and satisfying the follow- 
ing: There exists an open C°°'- neighborhood U of in the space of collections 
of compactly supported simple perturbations parametrized by these obstruction 
models so that for any collection {Pi} G U of such perturbations, the following 
is true 

1. There is some C^'^ neighborhood O of the set of holomorphic curves under 
study which meets each of the our obstruction models properly. On O there 
is a C°°'- multi-perturbation defined by 

i 

where each multi-perturbation f*Pi is as defined in examvle \l.lb\ (Note 
that the notation of a product of the weighted branched sections involves 
adding sections and multiplying weights. See definition M.l'A on page \1(A ) 

2. For each of our obstruction models {f /G, {si}, F, V) there exists a unique 
G°°'- weighted section v of f*Tyi,rt^ branched over \^{f)~\ with weight 1 
which vanishes on the image of the marked point sections S; : ^ — > € so 
that 
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(a) locally on \^'\, 




where the sections Vk correspond to families F{vk) in O 

(b) 

n 

^-^ n 

3 = 1 

and dF{vk) — Pk.k is a section ofV. 

(c) Given any curve f in the above subset of f where Vk is defined, if 
v' is a section of f*Tyert^ vanishing on {si} so that F{v') is in O 
and the multi-perturbation 6{F{v')) = Wjt'^^ , then ^ times the 
number of the above Vk so that v' is the restriction of is equal to 
the sum of Wj so that dF{v') — Qj is in V. 

3. Say that the multi perturbation 9 is transverse to d on a sub family C <Z f 
if the sections dF{vk) — Pk.k of V are transverse to the zero section on C . 

Given any topologically compact subfamily of one of our obstruction models 
C <Z f , the subset of the space U of collections of simple perturbations {Pi} 
discussed above so that the corresponding multi-perturbation 9 is transverse 
to d is open and dense in the C°°'- topology. 

4-. Say that the multi-perturbation 9 is fixed point free on a sub family C C 
/ if none of the curves in F{vk) restricted to C have smooth part with 
nontrivial automorphism group. 

If the relative dimension of *B > © is greater than 0, then given any 

topologically compact subfamily of one of our obstruction models C (Z f , 
the subset of the space U of collections of simple perturbations {Pi} dis- 
cussed above so that 9 is fixed point free is open and dense in the C°°'- 
topology. 

5. There exists an open substack 0° C O which contains the component of the 
moduli stack of holomorphic curves over & under study and a collection 
of topologically compact sub families of our obstruction models Ci C fi so 
that 

(a) if f is a curve in 0° , then there exists some curve f in one of these 
sub families Ci and section v of {f')*Tyert^ vanishing on marked 
points so that f = F{y), 

(b) if f is any curve in O over & , so that for any collection of pertur- 
bations in U, 9{f) — wt^^ + . . . where w > 0, then f is in 0° . 

6. Say that 9 is transverse to d and fixed point free if it is transverse to d 
and fixed point free on each Ci from item\^ above. Given any such 9, there 
is a unique complete weighted branched finite dimensional C°°'- substack 
Me C. 0° , oriented relative to which is the solution to d = 9 in the 
following sense: 
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(a) Around any curve f in 0° , if Aig is locally equal to '^j^Wkt^'' then 
9{gk) = wkt^s. + . . . . 

(b) If 0{f) = w'fjP'' , then the sum of weights Wk so that f is in Qk is 
equal to the sum of weights w'^. so that df — Qk ■ 

7. The support of Aie restricted to the moduli stack of curves over & is 
topologically compact. 

8. Given any other small enough multi-perturbation 9' which is fixed point 
free and transverse to d, defined on some other open neighborhood of the 
same component of the moduli stack of holomorphic curves over & us- 
ing different choices of obstruction models, A4g is cobordant to Aig' in 
the sense that there exists a finite dimensional C°°'- complete weighted 
branched substack Aig of an open substack of the stack of C°°~ families 
of curves m *B x R — > (S x M so that 

• Aig is oriented relative to x R, 

• Aig is topologically compact restricted to curves over & x [0, 1], 

• Aig is locally equal to 'Y^wtt^^ , where the maps hi : €.{hi) — > 58 x M 
are transverse to ^ x and x 1. 

• Aig restricts to Aig over © x and Aig' over 6x1 

2 Some norms on sections of vector bundles 

In what follows, we define some regularity for sections of a real vector bundle 
V — > € over a family of curves £ ^. Recall the following definitions from 

m- 

Definition 2.1. Given any C*^ function f defined on a strata S C A in R" xT^, 
define 

es{f){x,z) ■.^fix,Se) 
w/iere t° (t°^ , . . . , t"'") is any point in S, and zf^ means (zif^, z„jt""'). 

For example, ■— '^fo oo)^ '-"^'^ dimensional strata 

5i := {Lz2j = t°, L^iJ ^ t°} S2 := { L^iJ = 1°, [h\ + t°} 
If we have a function / e C^['i^, then 

esJ{zi,Z2) = /(0,Z2) es^f{zi,Z2) = /(zi,0) 

Note that the operations eg. commute and es^ es^ = es^ ■ 

Definition 2.2. /// denotes any non empty collection of strata {Si, . . . , Sn}, 
use the notation 

eif ■■= esi (es2 (• ■■es„f)) 
For an empty collection of strata, define Cij^f = f and Aij^f ~ f . 
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For example, 



^SuS2f{zi,Z2) ■■= (1 - esj{l - esj(/)(zi,z2) 

:= f{zi,Z2) - /(O, Z2) - f{zi,0) + /(0, 0) 

Note that if 5* G /, egA/ = 0. In the above example, this corresponds to 
As„sJizi,0) = and As„s./(0,^2) = 0. 

Below, we shall define norms in a class of allowable coordinate charts. 

Definition 2.3. An allowable coordinate chart on a family of exploded curves 
£ ^-»- S is a coordinate chart on C ^ satisfying the following requirements: 

1. The coordinate chart on "S is some open subset U C'MJ' x contained in 
a topologically compact subset of M*^ x T™ so that if f is any continuous 
function defined on U, and S any strata of A, if f{z) is defined, esf{z) 
is also defined. 

This coordinate chart also has the property that if p and p' € ^ are topo- 
logically equivalent, then p ^ U if and only if p' € U. 

2. The coordinate chart on €. and the map ttj is some restriction of a standard 
projection 

so that 

(a) In standard coordinates, w is given by 

{X, Zl,. . . , Zm+l) = (x, 22, ... , Zm+l) 

(b) The cone B = [R*^ x 1^"''^] is defined by the equations 

{[z2\,..-,\zm+i\) e A 
\.z,\ < t° 

and possibly 

L|(-l,/32,.../3„+i)j < tO 

Use the notation z^ := 5(-i./32,.-/3™+i) 

3. The coordinate chart U on € is in one of the following forms: 

(a) If the cone B is not a product of A with [0, oo), then 

U:= TT-'^U n {{\zi\ < c,\z^\ < c}} 

and \ziz^\ < c^/16 on U . 

(b) If the cone B is equal to the product of A with [0,oo), U is a subset 
of the product of U with some open subset of which is in one of 
the following forms: 



16 



i. U is equal to the intersection of tt^^U with the set where the 
coordinate zi on 1\ takes values in some open ball compactly 
contained in C*. 

ii. U is equal to the intersection ofn^^U with the set where \zi\ < c 
and possibly [zij > t'[z"J, where is some coordinate function 
on U so that [z"J < t'' on U. 

Hi. U is equal to the intersection of tt^^U with the set where [zij < 
and possibly [zij > t' [z"J where z" is as above. 

Definition 2.4. Given any allowable coordinate chart U, and any collection of 
strata S := {Sj C lU\ C B}, define a weight function wg as follows: choose 
some collection of generators {z" } for the ideal of coordinate functions z" G 
+f ^ ("^b) so that esj [z" ] = for all Sj £ iS. Another way of saying this is 
[z"J < t*^ on the interior of all Si, or these are coordinate functions so that the 
smooth part vanishes on all of these strata. Choose these generators for our ideal 
using the following algorithm: Choose some set of generators for our coordinate 
functions on l^'^^ which consists of zi,z^ and lifts of coordinate functions on 

T™. Include in our set {i" } all the generators which are in our ideal, then all 
products of two of the unused generators which are in our ideal. Continue this, 
adding all products of k generators which do not have a sub product that has 
appeared earlier. 
Now define 

(E|r^"l|) 

This weight function ws vanishes on all the strata in S, and has the following 
property: If / is any smooth function, then for any S < 1, the function w^^ Agf 
extends to a continuous function that vanishes on the strata in S. 

A special case of this weight function is given by the collection of strata Sq 
which do not project homeomorphically onto strata of [C/J . These are the strata 
which correspond to the edges of the exploded curves in our family. We shall 
use the notation 

wq := 

For example, in the case of coordinate charts in the form of [311 above, if 
where z" is not a power of any other coordinate function, then we can define 

wo + + 

In the case of coordinate charts in the form of I3bl we can simply define wq — 
\\zi~\\. This weighting function has the property that if / is a smooth function on 
1^' which vanishes when \zi~\ = [z^l = 0, then for all S < 1, fw^^ extends to a 
continuous function on which vanishes whenever \zi \ = [z''] = 0. Another 
way to say this is as follows: If So indicates the set of strata in B which do not 
project homeomorphically onto some strata of A, then if esf — for all 5* in 
So, then fw^^ extends to a continuous function so that es{fwQ^) = 0. 

Now define a series of norms on vector valued functions defined on an al- 
lowable coordinate chart [7 C R*^ x T^'^^. In all that follows, use the standard 
metric in which and the real and imaginary parts of Zi -M^ are orthonormal. 
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1. Choose some exponent p> 2. 

\W\\s ■= sup I / \wq^V 

Of course, this is only defined when A^^j/ = v, in other words, when 
651/ = for all S & So, or equivalently v vanishes on all the edges of the 
curves in our family. 

2. Choose some small exponent ^' > so that 6 + 5' < 1, then define 

The maximum is taken over all collections S of substrata of B which do 
not include the smallest strata. 

3. 

Mk,s ■■= IIHU-M + IMHU-M 

These norms should be thought of as suitable generalizations of with 

exponential weights. 

4. For this last collection of norms, wc shall use the notation dvert^^ to refer 
to du restricted to the real and imaginary parts of -Zi^- 

:= sup|z/| + llrfvertZ^lla 
ll^llo 5 '■= \W\\s'+5 + ™-|^^ (sup \ws^^St^\ + Wws^Asdyertl^Wg,) 

Mis ■■= IIHILm + IMHILm 

Recall the following definition of C'^'^ for any < (5 < 1: 

Definition 2.5. Define C^'^ to be the same as C° . A sequence of smooth 
functions fi e C°°(R" x T^) converge to a continuous function f in C*''^(M"' x 
T™) if the following conditions hold: 

1. Given any collection of at most k nonzero strata I, 

\wj'Aj{f,-f)\ 

converges to uniformly on compact subsets of \M" x as i — > 00. 
(This includes the case where our collection of strata is empty and fi^f 
uniformly on compact subsets.) 

2. For any smooth vectorfield v, v{fi) converges to some function vf in 

(jk-l,S 

Define C'^^^W^ x 1^) to be the closure of C°° m C° with this topology. 
Define C°°'^ to be the intersection of C'''^ for all k. 
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Note that if 5" > S + S', any C°°'^ function restricted to any topologically 
compact subset will have g finite. Standard Sobolev estimates imply that 

if Iji'llj. g or g is bounded for all k, then v is C°°'^. 

We shall use the adjective extendible in many contexts to get around the 
difficulties introduced by not working with topologically compact sets. In par- 
ticular: 

Definition 2.6. 1. An extendible neighborhood is a neighborhood which is 
contained inside a topologically compact subset. 

2. An extendible allowable coordinate chart is an allowable coordinate chart 
which is the restriction of some larger allowable coordinate chart to an 
extendible neighborhood in the larger coordinate chart. 

3. An extendible Junction is the restriction of some function on a larger do- 
main to an extendible neighborhood inside that larger domain. 

4-. An extendible vector bundle is a vector bundle which is the restriction of 
some vector bundle to an extendible neighborhood or coordinate chart. 

5. An extendible function on an extendible vector bundle is the restriction of 
some function to an extendible vector bundle. 

We shall often need the following observations: 

Lemma 2.7. 

1. On any allowable coordinate chart, wi-^wi^wj^^j^^ is bounded 
2. 

ICS 

(Note that throughout this paper, the symbol C means <Z.) 

3. On any allowable coordinate chart, there exists some constant c depending 
only on k and our choices defining the above norms so that if 4> and ip are 
two real valued functions, 

\\mk,s<c\mk,sMis 

4- On any allowable coordinate chart, there exists some constant c depending 
only on k and our choices defining the above norms so that if (f) and tp are 
two real valued functions, 

\m\is<c\mhu\\l,5 

Proof: To see item [U note that the wi^ is a finite sum of absolute values of 
smooth parts coordinate functions which vanish on strata in li, so wi-^wj^ is a 
finite sum of absolute values of smooth parts of coordinate functions that 
vanish on strata in Ii U/2. The weight function wi^yji^ is a sum of absolute 
values of smooth parts of generators for the ideal of coordinate functions of this 
type, so on R" x T^, every item in the former sum is a continuous function 



19 



times an element of the latter sum. As allowable coordinate charts are always 
topologically compactly contained inside R" x 1^, it follows that wi-^wi^wY_^]jj^ 
is bounded. 

To prove itemO note first that if S denotes a single strata, 

As(f)4' = 01/' - ies(t>)ies'^) = (As0)V' + {es(t))As'ip 

so the required identity holds if S consists of a single strata. Suppose now that 
S ^ S' U {S}, and the required identity holds for S' . Then 

\ICS' ) 

= X! (e5'-/AsA/(?i) A^/./V + (ese5'-/A/(/)) AsA^/./i/i 

ICS' 

= (e5-/A/0) As-ii^ 

ICS 

So by induction, the required identity holds for any set of strata S. (Note that 
we need only consider finite sets of strata, as there are only a finite number of 
strata, and As As As.) 
To prove item|31 note 

II^V-II^ < ll^ll^supiv-l < UWsMl 

Next, we use item [51 then itcm[T] then the above observation to show 
\\w^^Asi^ij)\\g, < J2 hs^ (e5-/A/0) A5-/V'L, 

ICS 

< c ^ 11^7'^ (e5_/A/0) WgijAs^ii^Wg, 

ICS 

< c ^ \\wY^es^iAi(l)\\g, sup \wgijAs^iip\ 

ICS 

The constant c above depends on the collection of strata S, but as there are 
only a finite number of strata, and we need only consider sets of strata without 
repeated strata, we get for a different constant c. 

Now we can use induction on the number of derivatives: Suppose that the 
required inequality holds for fc — 1 derivatives, 

\\mk,s^\\HA\k-i,s + M<t>mk-i,5 

Therefore, by induction the required inequality holds for all k. 
We prove item 2] similarly as follows: 

sup {(f'^'l < sup |(/>| sup 1-01 
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so as above, we may estimate using item [2] and itcm[T] 

sup |w5*A5(0-!/))| < ^supjiy^'' {es-iAi(f>) As-iij\ 

< c ^ sup 1^7'' (e5_/A/0) WgijAs-itp\ 

/cs 

< c sup \wJ^es-iAj(l)\ sup \w^tjAs-i'4'\ 

ICS 

We also have from item [31 

||dvert((/'V')llfe,5 < IIKert<?!')V'||fc,5 + Ud^ert^\\k,5 

< C ||dvert0||fc,5 Mk,S + C 110111,5 IMvert0||fc,5 

<2c 11011^^, 

TliBrcforc 

ll'/'V'llo,,<c||0||J,,l|V'lli,, 
The general case now follows by induction because if it holds for fc — 1, 

\ml,s = \\ml-i,s + \\d{m\Li,s 

< c mL.^s \mLi,5 + c \mLu mLu + c ii^iiLm im^iiLi.^ 

□ 

Lemma 2.8. // on some extendible allowable coordinate chart U , v is a R" 
valued function with \\v\\\. g finite and E is a C°°'^° extendible function on the 
extendible vector bundle R" x tj, where Sq > S + S' , then ||^. ^ is bounded. 

If AggE = E, then ^ is bounded. These bounds can be chosen to depend 

continuously on v in the ||-||^ ^ topology. 
Proof: 

Note that for a single strata, AsE{v) = {AsE){u) + As {{esE){v)), so if S 
is a collection of strata, 

A5(i?M)-^A,((ezA5-/£;)M) (1) 

IdS 

Because ^ is bounded, sup \v\ is bounded, so we may restrict attention 

on to a subset of R" x U which is fiberwise bounded. Here we will have 
appropriate bounds on E and all its derivatives because E and U are extendible. 
In the following, let Dj indicate the derivative with respect to for all i £ I. 

Ai{eiE){v) = I ■■■ 1 Di{eiE)i'^i^S,+tiAS,y \\{dU (2) 
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To estimate Aj{eiE){i'), we shall estimate this integrand. Use the notation 



Di{eiE)i<j)i) ^ J2 {D''eiE){Di^<l,i)---{DiM 

(3) 

/,=/ 



The sum above is over all partitions of /. Using the equations ([T]), ^ and 



([3]) and Lemma [2.71 part \T\ we get that sup I w^''A5(£'(z/)) I is bounded by a 



constant times 

n 

E snp\wsiiAs-iej{D"E){c^i)\l[snp\wjfAj^cf>j^j^\ (4) 

The first term in each of the above summands is finite because E is extendible 
and in 0°°'^° where Sq > S, and the other terms are bounded by ||z/||q g. Note 
that our estimate for each of these terms can be chosen to depend continuously 
on 1/ in the \\-\\q § topology. (The estimate of the first term can be chosen 

continuous in the supremum topology, which is weaker than the g topology.) 

Similar to the above, if As^E = E, we may bound ||w^''A5(£'(zy))||^, by a 
constant times 



sup 



^ ^ ^^^s-As-ieiiD"E){M\Y['np 



for some e > 0. The first term is bounded because Ag^E = E, and E is 
(joo.So ^here 6o > S + 6', and the other terms are bounded by ||i^||q g. Again, 
the bounds can be chosen to be continuous in the \\-\\q g topology. Therefore, 
we have that in this case g is bounded, and the bound can be chosen 

to depend continuously on in the ||-||q ^5 topology. 

In the case that Ag^E is not necessarily equal to E, we already know that 
sup |i(;g''A5(ii'(i/)) I is bounded, and we must show that \\dvert{E{v))\\Q g is 
bounded. To this end, note that d^ert{E{v)) = DE{v){d^ertv) + {d^ertE){v). 
The second term can be dealt with by observing that d^ertE is in C°°'^° and 
AsodvertE = d^ertE, therefore, as argued above, \\{dvertE){h')\\Q g is bounded. 
The first term can be dealt with in the same way as the product was dealt 
with in Lemma 12.71 part [31 Note that in that argument, the only part of 
the norm H'Hq^ used was the part involving the supremum. Following this 
argument, we can bound \\DE{v){dvertv)\\fj g by the product of Hdvert^^llo 5 
with X^fiSup \wg^ As{DE{v))\, which as argued above is bounded. Again, our 
bounds may be chosen to depend on i' continuously in the ||-||g ^ topology. 

We have now shown that if ||i^||Q g is bounded, ||£'(!^)||o s bounded, and if 
As„E — E, then ||£'(i/)||Q g is bounded, and these bounds can be chosen to de- 
pend continuously on v in the ||-||q g topology. Suppose now that the equivalent 
statement holds for ||-||^. ^- and \\-\\^g. Note that d{E{v)){-) = DE{v){{),dv{-)) + 



22 



{DE){i'){-,0). If lli'll^+i 5 is bounded, the first term is a composition of the 
(jco.So function DE{-){0,-) and [v^dv) which has rf'^)!!^ ^ bounded, and 
the second term is a composition of the C°°'^° function £'£'(•)(•, 0) with v. 
Therefore, the \\-\\]^ g norm of both these terms is bounded, and |M£'(zy) ^- 

is bounded. Similarly, 5 is bounded if ^ is bounded and 

^SqE = E, as in that case As„DE = DE. All these bounds can be chosen 
to depend continuously on 1/ in the g topology. By induction, we have 

proved the lemma for all k. 

□ 

Corollary 2.9. If E is an extendible function on R" x U which is C°°'^" where 
60 > S + 5', then E{v) in the \\-\\\ g topology depends continuously on v in 
the 1H1^5 topology. If AggE — E, then Eiv) in the topology depends 

continuously on v in the g topology. 

Proof: 

E{vi)-E{v2)^ / DE{vi+t{v2-vi)){v2-vi)dt 
Jo 

so using lemma 12.71 part [H 

- E{,,2)\\1 s<\Wi- ^^2111 s C \\DE{v, + t{v2 - 5 dt 

Jo 

As DE is C°°'^\ LemmaHSltells us that \\DE{v')\\l g can be bounded uniformly 
for v' in a ||-||^ g neighborhood of vi, therefore, if 1^2 is in this neighborhood, 

\\E{iy,)-E{i.2)\\lg<c\W,~U2\\lg 

So E{i') in the ||-||^ ^5 topology depends continuously on h' in the ||-||^ ^5 topology. 
Similarly, using lemma [2771 part \3\ 

\\E{,y,)-E{,,2)hg< Iki-^2||L / \\DE{,,,+t{i.2-i^i))hgdt 

Jo 

As DE is C""-^" and As^DE = DE if As^E = E, \\DE{v')\\j, g can be bounded 

uniformly for v' in a ||-||^, ^ neighborhood of h'l if Ag^E = E. Therefore, if 1/2 is 
in this neighborhood, 

\\E{iy,)^E{iy2)h^g<c\W,~U2\\ig 

So E{i') in the ^ topology depends continuously on v in the ||-||[, g topology 
ifAs„E^E. ' ' □ 

We shall now give equivalent norms for g and IHIg^. The advantage 
of using these norms is they only involve weighting functions ws for which 
dvertWs = 0. For this wc shall need the following concepts: 

Definition 2.10. Given an allowable coordinate chart IJ ^ U and a set of 

strata S of \U\ , the lift of S is a set of strata of \U J denoted by S defined by 

S {S so that \ti\{S) G S} 
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For our purposes, two sets of strata S and S' will act identically if A5 = A5/ , 

so define a lifted set of strata S to he a set of strata of \U\ with the property 
that if for some strata S, the projection L7rJ(<S') £ \t^\{S), then AgA^ = A5. 

A coordinate z" on U is lifted if it is the composition of w with some coor- 
dinate on U . 

For any set of strata S in U , define the complement S'^ to be the set of strata 
S' so that As'As ^ As, and [ttKS') = [ttKS) for some S gS. 

We shall use the shorthand S" = <l) to indicate that S is a lifted set of strata. 

Note that if iS*^ = 0, the vertical derivative d^ertws = because ws is 
constructed using lifted coordinate functions. We shall use that (5 U 5^)^ = 0. 

Lemma 2.11. On any allowable coordinate chart, given a strata Sj and Sj G 
Sj, there exists a constant c> so that 



< c 



e§.d. 



vert V 



Proof: 

The left hand side of the above inequality is eg.cj) — eg.eSjCj} ■ This is equal 

to the difference between the value on on some fiber of the coordinate chart 
with the value of <j) on the edge of the same fiber. We shall bound this using a 
standard Sobolev estimate on this fiber. The fact that we get a uniform bound 
will follow from the bounded geometry of allowable coordinate charts. 

Without loosing generality, we may assume that the part of this fiber we are 
interested in has coordinate zi , and the smooth part of the coordinate chart of 
interest is equal to {|[zi]| < c} C C, where c is a constant depending only on 
the coordinate chart, and not the particular fiber. Use cylindrical coordinates 
= e*+'^. We shall denote (f) restricted to this smooth part of this fiber 
simply as 0. 



We are interested in bounding \4>{t, 9) — 00, ^^)| in terms of 



In the case we have restricted ourselves to, e§.wo = \ \zi~\ \ = e*. Using this ob- 



servation and the definition of 



115' 



we have 



Cg.d- 



•vert V 



> 



'{t<logc} 



\d(j)\fdtdej 



(The inequality sign above is there because the right hand side is considering 
only one fiber. The (j> on the right hand side is </> restricted to this fiber, so 
dvert<P = d(f).) So long as p > 2, a Sobolev estimate implies that there exists 
some constant ci > so that 



/ \d(pfdtde] >ci sup \cp{ti,ei)-<p{t2,02)\ 

'{x-l<t<x} I {x-l<ti<x} 



Therefore, 



{x- 



sup mi,ex)-ct>{t2,e2)\<cre'"'\\esAv 

-l<ti<x} 
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so 



sup muOl)-ct>{t2,e2)\<Ci-^^ 

ti<x} C 



{* 

The above implies the required estimate: 

\(l){t,e) - (t>{-00,e)\ < Cl- ^ es.dvert(t> 

1 — e ° ' 



Cl 



eg.d 



vert^ 



□ 



Lemma 2.12. Define the norm \\i^\\g^gi by using the \\-\\g, norm on smooth 
manifold fibers of -k :U — »■ U and the norm |H|j_|_5/ on fibers with tropical part 
not equal to a point: 



SUPL7r-i(x)j7tpomt 



(x)r\U 



Define the norm Mlls^g, = sup\u\ + \\dyerM\sg,5' ■ 



1. On any allowable coordinate chart, the norm Wi^Wog is equivalent to the 
following norm using the lifts S of sets of strata S inU: 



<5&<5' 



2. On any allowable coordinate chart, the norm ||z^||o5 is equivalent to the 
following norm: 



M\s+S' +max 



Proof: The strata on which the higher weight 6 + 5' is used for the |H|^^^/ norm 
are the strata T so that T'^ ^ 0. Therefore, the norm Hi^H^^^/ is equivalent to 
the following norm 

Therefore, to show that | It'll 05 and ||z^||o5 dominate the two new norms 



above, it suffices to show that | It'll 05 and Hz^Hj^ dominate 



ctw^^AqV 



and 



erWz^AgV 



respectively. 



Claim: if {Tf ^ and erAj 7^ 0, then 



S'+S 



(5) 



(Here <S is a lifted set of strata and <So indicates the set of strata on which wq 
disappears.) 

The above claim holds trivially if T € <So, as then both ctw^^^^ and ctw^wq 
are 0. Therefore, we may assume without losing generality that ctWq = If-^ill- 
Suppose now that is one of the coordinate functions used in the definition 
of wjus • any coordinate function, either es[i"] = or es[5"] = \z"~\. 
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Because \z"~\ = on Sq, if ctT^"] ^ 0, then must be equal to ziz" where 
z" is some hfted coordinate function. More than this, [z" ] must disappear 
on S; this is because both S and z" are hfted, so if [z" ] is nonzero on some 
strata S* £ 5, it is nonzero on some strata S' E S with the same projection so 
that [zi] 7^ on 5, which would contradict the fact that [z"] disappears on 

SUSq. Therefore, [z"'] 
the above claim that btw^^j^^ 

Therefore 



is bounded by some constant times w^, which proves 
is bounded by a constant times btw^wq. 



S'+S 



is dominated by 



and 



is dominated by 
dominated by 



z^IIq ^ and lli^llg 5 respectively. 



so our new norms are 



l0,5 



1 

S'+S 



We now must show that 



10.5 



r and 



\o.s 



are dominated by the new norms 



uJ^Aiv] 



above. For / an arbitrary collection of strata, we need to estimate 
with these new norms. Let S be the largest lifted collection of strata so that 
AjA/ = A/. Then A/ — Aj J| Ag^ where Si are strata in / not contained in 
5, which imphes that Sf ^ 0. 



Ac 



A 



E 



Therefore, 



E n E 

/'C(/-<S) \j£l-S-I' SjES^ 



A 



SU/'U(7')'' 



(6) 



Note that if Sj e then e As^ As^ 



es,^5o- ^i\W\\s' is finite, A^^i/ 



so if II I'll ^ is finite we can replace eg^As^ with eg. in the above equation 
getting 



E n E ^SU/'U(7')'='' ^^^So''^" c^) 

i'c{i-s) \jei-s-i' s,es] J 

To bound Hwy^^A/z^H^, and ||wJ'^A/i'||^, using the above decomposition of 
A/, we shall also need the following estimate: 

cwi> i Yi ^s, ^suruiry'^o 
\]ei-s-i' J 

To prove the above inequality, suppose that z" is one of the coordinate functions 
involved in the right hand side, so [z"] vanishes on all the strata in 5o U 5 U 
/' U {I'Y, but docs not vanish on Sj. In particular, [z"J = t'^ on some Sj G 5|, 
and [z"J < t° on e Sq, where M(S'j) = W(^o)> therefore, [5" J < t" on Sj. 
This is valid for all j G I — S — I'. As all other strata in / appear in 5 U/'U(/')'^, 
it follows that [z"] vanishes on /, so | [z"] | < cwi . The above inequality ^ 
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follows. Using the decomposition ([7]), the above inequality ([5]) and the fact that 
wi > cwiiji", we get that if Ag^v = i/, 



/'C(/-S) 



+^ E 

/'C(/-S) 



S'+S 



All the terms above are dominated by the first new norm, and we have 
proved that ||i^||o 5 is dominated by the first new norm. 

To dominate ||w7''A(iverti^||^; by the second new norm, we can use the above 
inequality. Now dominate sup |ii;p''At/| using ^ and ([5]) as follows: 



sup \'Wj ^ Aiv\ < csup I Wji^jc A/u/ci^l 



c ^ sup 



n E%A.^ 



w 



-5 A 

'u(/')<="'o ^sui'uii'r^ 
(9) 



sui 



We must bound the terms appearing in the sum above in Q. Lemma 12.111 



gives that that 



< c 



S+S' 



sup 



n E%As. 



Wn^A, 



''SU7'U(7')= ° SUl'Uil') 



< c 



n E^ 

\3(iI-S-I' Sj&S'r 



Sj I "'su/'u(/')-^'Su/'u(/')'^'^^'='-*'^ 



S+S' 



This completes the proof that that H^^Hq ^ is dominated by second new norm 
as required. 

□ 



We are now ready to define these norms on a vector bundle V over a family 
TT^ : £ — > ^. To avoid the problems that arise if ^ is not topologically compact, 
we shall define the notion of an 'allowable' family, which is extendible and can 
be covered by an 'allowable' collection of extendible allowable coordinate charts. 
We shall also need a version of this definition when there is a collection of marked 
points on our family. 

Definition 2.13. An allowable collection of coordinate charts on a vector bun- 
dle V over a family 7r;j : € > ^ is a finite collection of extendible allowable 

coordinate charts n : Ua.i — > Ua satisfying the following conditions: 
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1. 

i 

2. The restriction of the vector bundle V to Ua,i is M" x C/^.i with the obvious 
projection. 

3. Coordinate change maps and intersections between Ua,i and Uaj satisfy 
the following: 

(a) IfUa.i and Ua.j are coordinate charts of type \3o\ from the definition 
on page \16\ ( these are the charts that cover a region where an edge 
collapses), and i ^ j , then they do not intersect. 

(b) IfUa.i o,nd Uaj are coordinate charts of type \3b[ they are a subset 
of the product of Tj with Ua, and their smooth part is equal to the 
product of some subset of [Tj] with \Ua \ ■ In this case, the smooth 
part of their intersection in either of these coordinate charts is also 
equal to the product of a subset of [Tj] with \Ua\, and the smooth 
part of coordinate change map is a product of some map between these 
subsets of [T}] with the identity map on \Ua'\ • 

(c) IfUa.i is a coordinate chart of tuve l^ and Ua,j is a coordinate chart 
of tuve \3b[ their intersection is as follows: In Uaj, it is equal to the 
product of a subset O C 1\ with Ua. If Ua,i is given by {\zi\ < 
c,\z^\ < c}, then the intersection with Ua is equal to a subset of 
the form {Si £ O'} or {S^^ G O'} where O' C {f < \z\ < c} G C. 
In either case, we identify this subset with the product O' x The 
transition map in this case is given by the product of a diffeomorphism 
between O and O' and the identity on Ua. 

If our family also has a collection of marked points which correspond to 
.smooth nonintersecting sections ^ — > € which do not intersect the edges of any 
of the curves in our family, then an allowable collection of coordinate chart is 
an allowable collection as above with the extra conditions that no marked points 
are inside coordinate charts of type \3al and in the coordinate charts of type \3B 
containing marked points, the sections corresponding to these marked points are 
constant sections Ua > x Ua- 

It is easy to verify that any single curve in a family of curves is covered by 
an allowable collection of coordinate charts. 

Definition 2.14. An allowable family € ^ is a subset of a family £ ^' 
which is the image of an allowable collection of coordinate charts. An allowable 
family with a vector bundle is the restriction of a vector bundle V over £ ^' 
to the image of an allowable collection of coordinate charts. 
An allowable family of curves 

£ A <B 

J. TTg- i vr® 

J ^ © 

is a family so that £ — > ^ with the vector bundle f*T^ert^ is allowable. 
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Definition 2.15. On an allowable family f with vector bundle V covered by 
the allowable collection of coordinate charts Ua.i > Ua, define the norms 

hWsiah ■= ll'^l'^^.-llsia?. 

for example, \\v\\\^^ Y.u^,, W\u..A\,5- 

Given a choice of weight da,i for each coordinate chart Ua^i, defined the 
norms 



One problem with the norms ^ which will come up in inductive argu- 
ments, is that ws^sv is only defined on coordinate patches and not globally 
defined on a fiber. The following definition provides a means of remedying this. 

Definition 2.16. Given an allowable collection of coordinate charts Ua,i — > 
Ua, and a collection S of strata in \ Ua\, define /S.sv on IJ^ Ua,i as follows: 

1. Ghoose a smooth cut off function p : C*t* — > [0, 1] so that 

p{z) = 



1 1^1 < \ 
if \i\ > 1 



2. On coordinate charts Ua.i of type \ Sa\. we have coordinates zi and Zfj so 
that |zi| < c, |z^| < c and \ziz^\ < j^. Use the notation S for the lift of 
S to this chart, for the collection of strata in S so that [zij = t'', and 
S~ for the collection of strata in S so that \_z^ \ — . Define Agi' on this 
chart by: 



c / \ c 



3. On all other coordinate charts Ua^ of type WR let S denote the lift of S to 
this coordinate chart, and define 



It follows from the types of transition functions allowed for allowable collec- 
tions of coordinate charts that A^v is well defined on IJ^ Ua,i and smooth if v 
is smooth. We can now state a version of Lemma 12.121 which is global in the 
fiber. 
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Lemma 2.17. Restricted to a collection of allowable coordinate charts Ua^i over 
a single chart Ua, the norm \\v\\q g is equivalent to the norm 



S+S' 



max 
s 



and the norm ||!^||o 5 is equivalent to the norm 



max 



In the above, the maximum is taken over all collections of strata S in \ Ua\ , 
and ws indicates the lift of the weighting function ws on Ua, (which is equal 
to Wg in each of the coordinate charts Ua.i)- The norm is defined in 

Lemma V2.12\ on page 

Proof: 

On all coordinate charts of type I3b| this lemma follows immediately from 
Lemma [2.121 as in this case A5 = A^. 

On a coordinate chart of type [3al where \zi\ < c and \z^\ < c, using the 
notation from Definition 12.161 we have that 



Asv — Agv =1-/0 



-(l-pff))A... 
\- p\^-^-^As-v 



Agv 



Use the notation p+ for the function (1 — p(^)) and p for (1 — p^^^)). 
As p{z) = 1 when \z\ < i, and our coordinate chart has [zi^'^l < c^j^, the 

region where p(^) 7^ 1 is disjoint from the region where p(^f-) 7^ 1, so we can 
rewrite the above equation as 



A^iy - Asv =p+ {Agv - Ag+v) 

+ p- {AsV-Ag-u) 



(10) 



Note that given any strata T for which T"^ 7^ 0, ct \ziz^~\ ^ 0. If ct \zi~\ = 0, 
then ctP^ = and eyAj = exAg-, and if ctIz^^ = 0, then erp^ ~ and 
exAg = eTAg+. Therefore, for any strata T so that T*^ 0, in our coordinate 
chart 



ctAs — ctA^ 

The above equation (fTT|) holds on any fiber of our coordinate chart Ua,i 
with non trivial tropical part, so (jlip implies that 



Asv 



and 



Wc:° Asv — W<r^ AaV 



Agv — Asv 



Asv — Wc" A^v 



(11) 

(12) 
(13) 
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Equation (jlOp and the observation that iniphcs that there exists some con- 
stant c' so that on this coordinate chart, 



5, X! W'^S^ P'^^T^S+vW^, 

Tes-s+ 

+ c' \\wg^p-eTAs-iy\\g, 

Tes-s- 

Use the notation S to indicate the largest lifted set of strata in 5+. If 
T e 5 — 5+, then eTAg+ = ctA^A^q where Sq is the set of strata where \zi~\ — 
= [z^] . To see this, note that if T' e 5+, then either T' G 5 or ctBt' = 
because btTzi] = and bt' \z'^^ — 0. Therefore, erAg+erAgAsg = erAgAso- 
Similarly, if S G Sq, then eseTAs+ — 0, because if T"*" indicates the strata in S'^ 
with the same projection as T, then 6567^+ = esex- Therefore, ctA^+ctA^A^q = 
erAg-i-, so eTAg+ = ctA^As^. Similarly, if T G <S — , then e^A^- = 
ctA^A^q. Therefore, we get 



Agiy — Wg^ AgU 



Tes-s+ 



Tes-s- 



Claim: if T G S-S^ 



then 



is bounded by a constant times ctw-^Wq ^ . 



To prove this claim, it suffices to show that p^ctw^wo vanishes on all the strata 
in S. If S" is a strata in S, then either S G S , S G Sq, es [zi] = 0, or es \z^~\ = 0. 
In the first two cases, esWgWo = 0. If 65 [zi] = 0, then esp^ — 0. If es[5^] — 0, 
then as eTf^i] — 0, we get csctWo = 0. Therefore esp~^eTW^wo = 0, and the 
above claim follows. Similarly, if T G 5 — S^ , then w^^p^ is bounded by a 
constant times eTW~^^ w^^ . Therefore, 



Wg^ Agv — Wg^ AgV 



As all the strata T in the above inequality satisfy 7^ 0, on the strata T the 



norm IHI^^^/ always uses the higher weight Wq^ ^ . Therefore, we get that 



Wg^ Agv — Wg^ AgV 



< c" 



w/Agiy 



S&cS' 



(14) 



The set of strata S is the lift of some set of strata which we shall again call 
S, because each of these strata lifts to a unique strata. With this slight abuse 
of notation S^ = S = S~ , so A^ = A^, and we get 



Wg^ Asv — Wg^ AgV 



<c" 



w/Agi^ 



(15) 



This together with Lemma [2.121 proves that the norm ||i^||o 5 is equivalent to 
the norm 



31 



I II 5+5' + max 



5h6' 



As we already have the required estimates for the part of the norm 
involving Ijiivert'^ll^, it remains to estimate 



sup 



on our coordinate chart. As argued for the ||-||^, norm above, we get 



sup 



Wc; Agv — Wc: A^v 



< c > sup 

Tes-s 



We can estimate the right hand side of the above inequality with Lemma 12.111 
as So will contain some strata who's complement contains T. Therefore, 



sup 



w^^ Asi' — w^" Aav 



-s . 



tgS-s 

So, as argued above, we get the two inequalities 



erw^^ A^dvertv 



and 



sup 


Wg^Agiy 


~w/A^i^ 


<c" 


W^'' AgdvertV 


sup 




- Wg^A^iy 


<c" 


W^^ A^d^ertV 



S&cS' 



(16) 

(17) 
□ 

The above proof contains the inequalities (fT4|) . (fTS]) . (fTH]) and (fTTj) . which 
imply the following estimates which will be useful later: 

Lemma 2.18. Let S denote the subset of S consisting of all strata T E S so 
that T'^ = 0, and also let S denote the corresponding subset of S. Then 



This together with Lemma 12.121 completes the proof of our lemma. 



w<;^ Ash' — w-''Ae 



SSzS' 



< c 



w/A^iy 



S&cS' 



w/A^i^ 



'Asv 



'A, 



< c 



Slk5' 



1 



3 Analysis of d equation in families 

Definition 3.1. Consider an allowable smooth or C°°'- family f with some 
(possibly empty) disjoint collection of marked points on £ — > corresponding 
to nonintersecting smooth or C°°-- sections ^ — > £ which stay away from the 
edges of the curves in ^. (In other words, the marked points are in the interior 
of the smooth part of the curves in our family.) 
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Define the Banach space Xuah to be the space of sections of f*Tyert^ with 
norm IHI^j^j^j bounded which vanish at the marked points. 

Define Yuah to be the space of sections of the vector bundle Y{f) with norm 

W'Wblah 

Given a point p in ^, we can restrict our family f and the other data to the 
fiber of it over p. Define Xs{p) to be the corresponding Banach space Xg with 
this restricted data. If v £ Xg, define v{p) G Xs{p) to be the restriction of v to 
the curve over p. We can similarly define Ys{p). 

Note that if z/ e Xk^s, then v{p) e Xs^gi{p). 

Definition 3.2. Given a smooth or C°°'- family, 

a choice of trivialization is 

1. a smooth or C°°'- map 

i i 

so that F restricted to the zero section is equal to f, and TF restricted 
to the natural inclusion of /*T„ert^ over the zero section is equal to the 
identity. 

2. A sm,ooth or C°°'- isomorphism from the bundle F*Tyert^ to the ver- 
tical tangent bundle of f*T^ert^ which preserves J. In other words, if 
TT ; f*Tyert^ — > £ dcnotcs the vector bundle projection, a smooth or 
C°°-- isomorphism between F*Tyert^ and tt* f*Tyert^ which preserves the 
almost complex structure J on Ty^rt'^- This can be written as a smooth 
or C°°'- vector bundle map 

vert ' J vert 

^ i ^ I 
f -^vert^ ^ ^ 

A trivialization allows us to define 8 of a section v : £ — > /*T„ert^ as 
follows: Fou is a family of maps € — > 5B, so d{Fou) is a section ofY{Fou) = 

(^(t*€/tt^T*^^ (g) (^{F o i>)*Tyert^'^y°'^^ ■ Applying the map $ to the second 

component of this tensor product gives an identification ofY{F o v) with Y{f), 
so we may consider d{Fov) to be a section ofY{f). Define dv to be this section 
ofYif). 

A trivialization on an extendible family is always assumed to be extendible. 
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For example, a choice of smooth J preserving and fiber preserving connection 
defines a triviahzation where F is given by exponentiation, and is given by 
parallel transport along a linear path to the zero section. In the theorems that 
follow, a choice of triviahzation will be assumed. 

Recall from the definition on pageO that a simple perturbation parametrized 

by a family / is a C°°^i section P of the bundle {^{t*^/ttIT*^^ ® (r„ertS) ) '"'^^ 

over £ X S with the same regularity as / which vanishes on all edges of the curves 
which arc the fibers of £. 

Definition 3.3. Given a trivialization for f , a simple perturbation of d is a 
map d' from sections of C > f*Tyert^ to sections ofY{f) so that 

d'v = d{u) + ^{P {id, F{iy))) 



Where P is a simple perturbation parametrized by f , and <& and F are maps 
from the trivialization of f in the notation of Definition \3.S\ above. 

Whenever f is extendible, the section P is always chosen to be extendible. 

Use the following topology on the space of simple perturbations of d for a 
given family and trivialization: The perturbation d'l is C'^'^ close to d'2 if the 

associated sections Pi and P2 of (^(^T*^/tt^T*^^ ® (r^ert^^^ over C x S 
are C'^'^ close. 

We shall prove regularity theorems for any simple perturbation d' of d below. 
Note that this of course includes the case that d' = d. 

Lemma 3.4. /// is an allowable family of curves with a choice of trivialization, 
then in any one of the allowable collection of coordinate charts on f*Tyert^ in 
the form R" x U , if we identify a section with a map v : U — > M", there is the 
following formula for d' : 

d'v{u) = E{v{u), u) + H[v{u), u){dyertv) 

where E is an extendible function on f*Tyert^ with values in Y{f) and H is 
an extendible tensor on f*Ti,ert^ valued in the pullback of f*Tyi,rt^ ® Y{f). 
If f is C°°'^ or smooth, then E and H are C°°'^ or smooth, and E vanishes 
on the edges of curves which are the fibers of £ > 5". At the zero section, 

H{e) = \{e + joeoj). 

Proof: The function E{x,u) is given by d' of the section u > {x,u) which is 
constant in the coordinate patch. This vanishes on the edges of fibers of C — > ^, 
and is smooth or C°°'^ if / is. E is also extendible because it has an extension 
with the same definition to any extension of our coordinate chart. 
The tensor H is given by the formula 

H{x, u){e) := i [^{dF{x, u){e)) + Jo ^dF{x, u){9 o j))) 

where $ and F are as in Definition 13.21 Because $ and F are smooth or C°°'^ 
if / is, H is smooth or (7°°^* too. As noted above, H is extendible. The fact 
that d'v obeys the above formula follows by direct computation. 
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□ 

Theorem 3.5. // / is an allowable C°°'^" family where Sq > S + 6' , then B' 
defines a map from X}^_s to Yfc.5. 

Proof: Lemma 1331 tells us that in local coordinates, 

d'v{u) = E{v{u), u) + H{v{u),u){d^ertJ^) 

By using Lemma |2 . 71 part [51 from page llOl we may estimate in this coordinate 
chart 

Lemma 12.81 together with Lemma 13.41 from pages [H] and [31] imply that the 
terms above g and g are bounded if g is bonded. There- 

fore, g is bounded, and B' gives a well defined map from Xk^s to Y^^s- 

The derivative is given by the formula 

(18) 

Using Lemma 12.71 part [31 estimate 

\\DB\vm\\^^^ < c [\\DE{iy)\\, g + \\DH{iy)\\l s |Mv,,*HIm + H^MUm) MIs 

The terms \\H{iy)\\lg, \\DH{iy)\\lg and \\DE{iy)\\^g are bounded by Lemma[lH 
therefore Dd'{v) defines a bounded map from X^^s to Y^^s- We now must prove 
that Dd'{v) is continuous in v. 

DB'{iyi){^j) - DB'{v2){ik) = {DE{vi) - DE{i^2)) W + iH{i^i) - H{i,2)) [d.ert^) 

+ DH{vi){^){d^ertVl - d^ertl^2) 

+ {DH{v^){^){d^,rtV2) - DH{v2){llj){d,ertV2)) 

SO using lemma 12.71 part [31 
\\DB'{u,m - DB'iv^mW^ ^ < \\DE{u,) - DE{v2)\\^j, 

+ \\H{V,) - H{v2)\\ljd,erMu,S 

+ \\DH{vi)\\l i^ WHl^S Wd^ertVl - d^ertV2\\k,5 

+ \\DH{V,) - DH{V2)\\1, \\d.ertV2\\k,5 UWis 

The term DE is C"^'"^" and As„DE = DE, so Corollary[231imphes that for a 
fixed z/i, the term \\DE{i/i) — DE{iy2)\\k s converges to zero as — i/2\\]. 5^0, 
similarly, Corollary[2Htells us that \\H{i^i) - H{u2)\\l^s and \\DH{i^i) - DH{v2)\\l,s 
converge to zero as V2 vi in |H|;. 5- Lemma [2.81 implies that ^ is 

bounded. Therefore, DB'{v2) — > DB'ivi) as V2 vi in ||-||^ ^, so B' : X^^s — > 
Yfc^s is as required. 

□ 

The formula for Dd' in the proof above shows that it induces a map on 
Xs{p). In other words, the restriction of DB'{v) to the curve which is the fiber 
over p, Dd'{v){p) only depends on the restriction of v to this curve, v{p). Use 
the notation DB'{p) to refer to the restriction of DB' at the zero section to the 
curve over p. 
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Lemma 3.6. For any allowable C°°'^° family of curves, and a choice of weight 
< S < Sq < I, the linearization of d' at the zero section restricted to any curve 

Dd'{p):Xsip)^Ys{p) 

is Fredholm. 

More generally, given a choice of weight Q < 5 < 5q for every coordinate 
chart in some allowable collection of coordinate charts on our family of curves, 
we may use the norms with mixed weights defined on vaae \29l and 

Dd'{p) : X, nixed sip) > y-mixed sip) 

is Fredholm. 
Proof: 

Note that the norm ||-||^ restricted to a smooth component of an exploded 
curve is equivalent to the norm with exponential weight on the cylindrical 
ends given by S, and ||-||J is equivalent to the norm with the same expo- 
nential weight on derivatives plus the sup norm. The mixed version of these 
norms is similar, but used different weights at different punctures. So Xs{p) 
or Xmixcd sip) restricted to a smooth component is equal to the corresponding 
Sobolev space Lp with exponential weights 6 at puctures plus a finite dimen- 
sional space allowing sections which are asymptotic to constants instead of 
at cylindrical ends (restricted to the subspace which vanishes on our marked 
points if appropriate). From the proof of theorem 13.51 we have the following 
formula for Dd'ip) in local coordinates 

Dd'iMp))i4,) ^ DE{Mp))i^j) + DHiiyo{p))i4,)id,ertMp)) + HiMp))id.erti^) 

Here z/g indicates the zero section, so the middle term is 0. The first term is a 
compact operator if 5 < 6o, because restricted to smooth components DEivo) 
is smooth and decays exponentially on cylindrical ends with weight 5q > S. As 
z^o(p) = 0, Lemma [3.41 states that the last term is equal to the linear dip. It 
is well know (and proved in [S]) that for < 5 < 1, 9 is a Fredholm operator 
on the above weighted Soblev spaces restricted to any smooth component. It 
follows that d is Fredholm from Xs ip) to Ys (p) , and X^i^^d s ip) to Fmixod <5 ip) ■ 
Therefore Dd'ip) the Fredholm operator d plus some compact operator, so it 
is Fredholm. 

□ 

Lemma 3.7. The index of Dd'ip) '■ ^sip) — > Ysip) or Dd'ip) ■ ^mixeds — > 
Ymixed S docs not change in connected families, and does not depend on the 
choice of weights Q < 5 < 5q <1. 

Proof: This is just the index of the usual d operator. If the relative dimension 
of the target family *B — > is 2n, the index is equal to the sum of the indexes 
of each smooth component minus 2n times the number of internal edges. The 
index for each smooth component is equal to 2ci — 2nig -\- s — 1) where ci is 
the first Chern number of the puUback of (T^e^t^, J) to that component, g is 
the genus of that component, and s is the number of marked points on that 
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component where sections of Xs{p) are required to vanish. The sum over aU 
components of ci and s does not change in connected famihes. The sum over 
all components of (17 — 1) plus the number of internal edges is equal to the total 
genus minus 1. This does not change in connected families. Therefore, the total 
index is invariant in smooth families and equal to 

2ci - 2n{g + s - 1) 

where ci is the sum of the first Chern number of the pull back of (Tyert^, J) 
to each smooth component, g is the total genus, and s is the number of marked 
points where sections of Xg are required to vanish. 

□ 

Definition 3.8. A smooth or C°°'- pre obstruction model (/, V) is given by 

1. an allowable smooth or C°°'- family 

^ (»,J) 

2. A choice of trivialization for f in the sense of definition \3.'A 

3. a vector bundle V over ^ 

V 

i 

4- a smooth or C°°~ map of vector bundles over C 

4(F) Y{f) := {jT*€/TilT*:s) ® (fr„e.t»))°'' 

which vanishes on the edges of curves in C — > ^. The above map must 
be non trivial in the sense that for any nonzero vector in V , there exists a 
choice of lift to a vector in ir'^iV) which is not sent to 0. (Said differently, 
a point {p,v) £ V corresponds to a section of 7t^{V) over the curve f 
which is the inverse image of p. This is sent by the above map to a section 
of the bundle Y{ f) . This section is the zero section if and only if v is Q.) 

Definition 3.9. Any C°°'^° pre obstruction model (/, V) defines a closed sub 
space Vk,s C Y^^s consisting of all sections in Yk^s which are contained in V . 
Define the natural projection 

Try : Yk,s ■= Y/Vk,s 

Similarly define the restriction of Try to Ys{p). Note that in this case, the 
projection Try has finite dimensional kernel equal to V restricted to p, so 

Try o Dd'{p) : X{p)s Y/Vs{p) 
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is still Ftedholm. 

We shall now prove a standard gluing theorem. First, we shall describe a 
'gluing' and 'cutting' map. 

Lemma 3.10. Given a C°°'^° pre obstruction model (/, V), any point p € S{f) 
and any finite collection of weights S < 5q, there exists a topological neighborhood 
U of p and for all p' G U bounded linear maps 

G : Xs{p) Xs{p') 

G : Ys{p) Ysip') 
C : Ysip') Ys{p) 

so that 

1. The maps G and C are well defined restricted to some allowable sub collec- 
tion of coordinate charts covering the total space of our family f restricted 
to U. 

2- If Si < 62, the map G : Xg^ip) — > Xs^ip') is the restriction of the map 
G : Xsiip) — >■ X5^{p'), the map G : i^jCp) — ^ ^2(p') tf^^ restriction 

of the m,ap G : Ys^{p) > Ys^{p'), and the map C : Yg^ip') — >■ (p) 

the restriction of the map C : Ys-^{p') — > Ys-^^lp). 

3. The norms of G and C are bounded uniformly independent of p' G U . 

4. G is a left inverse to G. In other words, GoC : Yg{p') — »• Yg{p) — > 5^5 (p') 

is the identity. 

5. For any e > 0, there exists a topologically open neighborhood of p so that 
for all p' in this neighborhood: 

(a) If Dd' indicates the linearization at the zero section, 

\\Dd' oGip-Go DB'^PW^ < e \\ip\\l 

(b) For all v e V{p), 

hvGv\\,<e\\v\\, 

Note that the fact that these estimates hold for any finite choice of weights 
6 < 60 implies that the above estimates also hold for the mixed norms IHIj^ixed s 

and IHImixeda- 
Proof: 

Note that if \p'~\ = [p] € [S"] , then the smooth parts of the corresponding 
curves are identical and covered by the same collection of allowable coordinate 
charts, so there is an identification of Xs{p) with Xs{p') and Ys{p) with Ys{p') 
which preserves V and Dd'. We may therefore restrict to the case of proving 
the lemma for an open set in a coordinate chart of ^, as the general case follows 
from this case applied to some finite number of coordinate charts that when 
projected to [3^] contain \p] . 
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Consider a sub collection of our allowable coordinate charts on / consisting of 
a coordinate chart U on^ containing p and the corresponding coordinate charts 
Ui on £ so that U,^U are allowable coordinate charts. This sub collection is 
itself an allowable collection of coordinate charts. If we define Xs{p') or Ys{p') 
with this smaller collection, we get an equivalent norm to the norm using the 
full collection of coordinate charts. This equivalence of norms is because the fact 
that these coordinate charts are extendible means that the difference between 
the weighting functions and metrics between coordinate charts will be uniformly 
bounded independent ofp' . Therefore it is sufficient to prove our estimates with 
this equivalent norm involving only this smaller collection of coordinate charts. 
We may assume, by restricting C/ to a smaller subset if necessary, that p is in 
the largest strata of [U\. 

Now define the maps G and C in these coordinate charts tt:^ : Ui — > U as 
follows. Suppose that / is a map from tt^^{p) fl Ui to some vector space. If Ui 
is of type [3b] from the definition of allowable coordinate charts on page \W\ Ui is 
some subset oi 1l x U with smooth part which is a product of a subset of [T}] 
with \U~\ . The coordinate zi on 1\ is a coordinate for both n^^{p) fl Ui and for 
TT^^{p')r\Ui. In this case, we can define G{f){zi) — /(ii) and C{g){zi) = 5(^1), 
extending both G{f) and C{g) to be constant on edges of the curve that appear 
in our coordinate chart if neccesary. Note that if / vanishes at marked points, 
then G{f) does too as we chose our coordinates so that the position of marked 
points is independent of U . (This is a condition of being an allowable collection 
of coordinate charts.) 

If, on the other hand, Ui is a chart of type [3al then Ui is of the form 
U, := 7r^^(/7) n {|zi| < c, < c}. Choose some smooth cut off function 
p:%\ — > M so that 

p{z) = if \z\ > ^ 
p{~z) - 1 if |z| < I 

Recall that ziz^ is a coordinate function on [/, and coordinates for 'K^^{p) 
are given by zi G 1} and z^ G %\ so that ziz'^ = zxz^{p), and \zi \ < c, |f | < c. 
We have assumed that \_ziz^{p)\ < by assuming that [p\ is in the largest 
strata of [U\. Note that / must be equal to some constant x on the tropical 
part of ■jT^^{p). Define f+{zi) /(ii) when \zi\ > |z^|, and extend /+ to be 
X elsewhere. Similarly define f-{z^) = f{z^) for |z^| > |z"|, and extend /_ to 
be a; everywhere else. 

Note that 7r^^(p') n Ui has the same coordinates zi and z'^, except ziz^ = 
ziz^{p'). Define G in these coordinate charts by 

G{f){iuS^) p{S^)if+{Si) - x) + p{h){f-{z^) -x)+x 

Note that our assumptions about the transition maps between allowable 
collections of coordinate charts on page [23 ensure that on the intersection with 
other coordinate charts, this definition of G coincides with the definition of G 
given there, so we have a globally defined map G. It is not hard to see that 
the norm of G as a map from Xs{p) to Xs{p') or Ys{p) to Ys{p') is bounded 
independent oi p' G U . 
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Define the cutting map C in these coordinates by 



C{9){h,~z^)^9(h) if \zi\ > ^\~zi~z^{p')\ 

C{9){h,?J')^g{s^) if > V^ii^ 

C{g){zi, z^) = everywhere else 

Note that our assumption on page \W\ that on coordinate charts of type [3al 
[ziz'^l < Yg tells us that GoC is the identity (this is because the cutoff functions 
involved will simply be equal to 1 in the relevant regions). Our assumptions on 
transition maps within allowable collections of coordinate charts ensure that C 
is defined independent of coordinates. Observe also that C : Ys{p') — > Ys{p) 
has norm bounded by 1. We have now verified the first three items of our lemma. 

Recall that the formula (fT5)) from the proof of Theorem 13.51 combined with 
Lemma 13.41 tell us that Dd' is in the following form: 

Dd\p){i^){zi,S^) = DE{h,S^,p)Wh,S'^)) + ^{d.ert^+Jod,,rt^joj){i,,S^ 

In the above, by Dd'{p) we mean the restriction of Dd' to the curve over p. 
We also write things as depending on {zi,z^) even though these coordinates are 
related at p. Below, we shall sometimes use only one of these coordinates when 
we wish to emphasize dependence on that coordinate. In the above expression, 
DE is some linear map which depends in a C°°'^° way on position in Ui and 
disappears on the edges of fibers of n^, and J and j also depend in a C°°'^° way 
on position in Ui. Therefore, in the interesting case that Ui is a chart of type 
l3al the expression Dd' o — Go Dd'ip which we must bound will have the 
following terms: 

1. Terms involving DE{^). These include the following: a term involving 
p{zP)(DE{h.p) - DE{h.p'm+{h) - x) (19) 

a similar term swapping the roles of z^ and zi and the remaining terms 
involving DE which arc equal to 

DE{hrz^ .p'){x) ~ p{zi){DE{zf' ,p){x))^ - p{if'){DE{z^,p)x)+ (20) 

As p{zi) and p{z2) are smooth and DE is G^'^° ^ the expression ([20|) is 
a bounded C°°'^" function of {zi,z^,p'), vanishes when p' — p, and also 
vanishes on edges of fibers of ttj. We therefore have that the Ys{p') norm 
of ((20)) can be made as small as we like compared to |x| by choosing p' 
topologically close to p. 

Because DE is C°°''^°, the Ys{p') norm of the terms of the form can be 
made as small as we like compared to \\ijj — x\\g by choosing p' topologically 
close to p. 

Therefore, the Ys{p') norm of all these terms can be made as small as we 
like compared to \\ip\\l by choosing p' topologically close to p. 
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2. Terms involving the difference between j or J at {zi,p) and or 
at {z^ tP) and {z^,p') composed with dvert'4'- As J and j are C°°'^°, the 

norms of these can be made as smah as we hke compared to \\ip\\l by 
choosing p' topologically close enough to p. 

3. Terms involving dvertp(zi) multiplied by il!^{z^) — c (perhaps composed 
with J and j ), and similar terms reversing the roles of zi and z^ . Note 
\dvertp{zi)\ is bounded, and is supported on the region < \zi\ < i}. 
By choosing |ziz'^(p')| small enough by choosing p' topologically close to 
p, we can ensure that z^ is as small as we like in the above region, thus 
making the Ys{p') norm of (z^) — c) here as small as we like compared 
to II "0115 because the weight involved in calculation the Ys{p') norm involves 
a term | \zi \ \ and the weight involved in calculating the contribution to 

from the corresponding region involves only | \z^~\ |. This allows us 
to make the Ys{p') norm of these terms as small as we like compared to 




Therefore, by choosing our neighborhood of p small enough, we can achieve 
item [5a| from our lemma on charts of type I3al On the other charts of type I3b| 
proving the same thing is similar, but easier as it involves no cut off functions 
and just analysis of how DE, j and J depend on position. 

We now just need to prove item I5bl from our lemma. To see this, con- 
sider 0°°'^° sections of V, vi, . . . ,Vn so that {vi{p)} is a basis for V{p). Then 
G{vi{p))—Vi is C°°'^° and vanishes on TT^^p. Therefore, we can get \\G{vi{p)){p') — Vi{p')\\g 
as small as we like by choosing p' topologically close to p. This in turn bounds 
||7ryG'(wi(p))||^, and item I5bl follows from the linearity of G: 

hvG{v)\\s<e\\v\\s 

□ 

Theorem 3.11. Suppose that {f,V) is a C°°'^° pre obstruction model, < (5 < 
5o <1, and 

TTv o Dd'{p) : Xs{p) Y/Vsip) 

is invertible. 

Then there exists a topologically open neighborhood U of p so that for all 

P' eU, 

nv o Dd'ip') : Xs{p) Y/Vs{p') 
is invertible, and the norm of the inverse is uniformly bounded independent 

ofp' e U. 

More generally, given a choice of weight < S < 6q for each coordinate chart 
in an allowable collection of coordinate charts, the same result holds using the 
mixed norm: there exists some topologically open neighborhood U of p so that 
for all p' e U, 

TTv O Dd'{p') : Xjnixed sip) * Y/Vmixed sip') 

is invertible, and the norm of the inverse is uniformly bounded independent of 
p' e U. 
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Proof: Note that if Try o Dd' is invertible with one weight 6, it is invertible for 
any choice of weights < S < Sq. This is because the index of ttv o Dd' is 
independent of the choice of weights, surjectivity using a stronger norm imphes 
surjectivity using a weaker norm, and injectivity using a weaker norm imphes 
injectivity using a stronger norm. 
Use the notation 

Q := (TTy o Dd'ip)) o Try 

The fact that Try o Dd'{p) is Fredhohxi imphes that Q is bounded (using any 
of the norms under consideration). Now, consider a smah topologically open 
neighborhood O of p and gluing and cutting maps G and C satisfying the 
conditions of Lemma [3.101 on O for the mixed norm. Suppose that 
and IIQII are bounded by M, and \\G\\ and ||C|| are also bounded by M on O. 
Choose a topological open neighborhood U oi p contained in O so that for all 

\\Dd'{p') oG^-Go Dd'ip)^^.^^^ , < e UWl,,^^ s (21) 
and for all v e V{p), 

hvGv\U,^,^ s < e \\v\L,^,^ s (22) 
Now consider the map Q{p') : ^mixod sip') — » -'^mixod sip') defined by 

Qip') := G o g o C 

By exchanging Dd'{p') o G with G o Dd'{p) using the inequality (|2ip . and using 
that G o C is the identity, and then using that Dd'{p) oQ[Cv) — Gv £ V{p) and 
the inequality ([2^ . we get the following: 

hv (Dd'ip') o Qip'). - L,^^, , = llTTy {Dd'ip') oGoQoCu-.) 

< £ IIQC-HlLxed 5 + hv (G {Dd'{p) oQoCv- Gv))\\^^^^ ^ 

(23) 

As V(j>') is n dimensional, there exists a linear inclusion 

iv ■ i^/Kiixcd sip') ^ ^mixod sip') 

with norm bounded by 2" so that Try o iy is the identity. To see this for the 
case n = 1, use the Hahn Banach theorem to choose a linear functional L on 
Yynixedsip') so that \Lv\ = \\v\\^-^^^g for v G Vip), and ||L|| = 1. Then the 
obvious inclusion with image kerL is bounded by 2. Repeating this argument 
n times gives the n dimensional case. 

In particular, if we choose e small enough, the above inequality (|23p tells us 
that 

1 1 Try ^^'(p') o iQip') o iv) - Id\\ < i 
so a right inverse to ny Dd'ip') given by 

iQip') ° ^v) {ny Dd'ip') ° iQip') °iv))'' 
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which is bounded by Af2"+^. 

The fact that the index of Dd' does not change in connected famihes tells 
us that this right inverse must be a genuine inverse to nyDd' . 

□ 

We can extend the results of Theorem l3.11l to include the norm IHI^-^^/ which 
occurs in the equivalent form of the ||-||q g norm found in Lemmas 12.121 and 12 . 1 71 
on pages and [501 

Corollary 3.12. // {f,V) is a C°°'^° pre obstruction model, < S < 6o < I 
and, 

TTv o Dd'ip) : Xs{p) Y/Vs{p) 

is invertible, 

then given any S' > so that 5 + S' < Sq, there exists some topologically open 
neighborhood U of p so that restricted to this neighborhood, 

TTV o Dd' : Xs+3' ^ Y/Vs+s' 

and 

TTV o Dd' : Xss^S' Y/Vs^s' 
both have a bounded inverse. 
Proof: 

The statement of this corollary for Try o Dd' : Xg+s' — > Y/Vs+s' follows 
immediately from Theorem 13. Ill We must see why the map 

7:v o Dd' : Xs&,s' ^ Y/Vsus' 

has a bounded inverse. This is equivalent to getting a bound on the inverse 
restricted to any point p' U for the map 

7:v o Dd'ip') ■■ Xsus'ip') Y/Vs&,s'{p') 

which is uniform in p' . 

Restricted to p' , Xs^s'ip') is equal to Xmixcd 5{p')i and Y/Vs^s'ip') is equal 
to y/Knixed i5(p') for somc choice of weights for each coordinate chart out of 
the set {5', 5' + 5}. As we get a uniform bound on the inverse in this mixed 
norm restricted to a small enough topologically open neighborhood, and there 
are only a finite number of ways to choose weights for each chart from the 
set {5' ,5' + (5}, it follows that restricted to a small enough topologically open 
neighborhood, there is a uniform bound for the inverse of 

TTV o Dd'ip') ■■ Xsus'ip') Y/Vs&,s'{p') 

□ 

Proposition 3.13. If if ,V) is a C°°'^^ pre obstruction model, 5 + 5' < Si^, f 
an allowable family and 

TTV o Dd' ■ 

^v o Dd' : Xiu&. Y/Vsus' 
both have a bounded inverse, then 

vry o Dd' : X^^s — > Yq^s 

has a bounded inverse. 
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Proof: 

We need to bound ||( 
assumptions tell us that 



l0,5 



in terms of 1 1 Try o Dd'q 



\Q,5- 



\l+S' <c\\TrvoDd'{v) 



< C llTTy o Dd'{v) 



l<5+(5' 



I S&cS' 



Note first that our 

(24) 
(25) 



We shall be using the equivalent form of ||-||q ^5 from Lemma l2.12l and Lemma 
12.171 which involves only weights ws for which d^ertws = 0. In particular this 
means that in a local coordinate chart Dd'wsi' — wsDd'cj), which shall be 
useful, li TTyDd' As4> was also equal to Ks'kvDB' (j), then the above inequalities 
and ([25]) would be adequate to prove our lemma. The main part of the 
following proof shall be involved with estimating the extent to which this fails 
to hold. 

Restrict attention to the set coordinate charts Ui over a single chart U in 
our allowable collection of coordinate charts. Let S indicate a set of strata of 
strata in [[/J, and S indicate the lift of to a set of strata in \Ui\. Lemma 
12.171 on page [501 tells us that the norm ||0||o 5 is equivalent to the norm 



\s+5' 



max 
s 



1 

SSzS' 



Assume for induction that for any collection of strata / in [[/J with less than 
|iS| members, 



<5&<5' 



< c WnyDd'c/ 



\o,s 



(26) 



The case when / has no members is satisfied because of the inequality (PS]) and 



Lemma 12.171 In what follows, we shall attempt to bound 



by 



<5&<5' 



bounding 

We shall work in a local coordinate chart where we can use the following 
formula which is formula (fT8|) from the proof of Theorem 13.51 



Dd'cj) = DE{(j)) + H{d^ertcl)) 

The important facts are that DE is a C°°'*" tensor so that AggDE = DE, and 
if is a C"^'*" tensor. 

First, note that for any strata S, 

As{Dd'(t>) = Dd'As^+{AsDE){es4>) + {AsH){esd,,rt^) 

Similarly, for the lift, S of our set of strata S in \ U\ to the coordinate chart 
under consideration. 



Dd'As(f 



A^{Dd'(p) - AjDE (ejA 



ICS 



(27) 

\ r„ f, norm of terms in the above 
sum. Observe that each of the terms in P7)) above vanish on all strata in S, 



In what follows we shall bound the 
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so if V indicates one of the above terms, A^i/ = u. For such the following 
inequality holds: 

(28) 



In the above, Sq indicates the set of strata on which wq vanishes. To see why the 
inequality ([25]) holds, note that it holds on strata T so that — % because then 
the norm on the left hand side is just the ||-||^, norm. The inequality ((28|) also 
holds trivially on strata in S, because both sides are restricted to strata in S. 
It remains to show ([^5]) holds on strata T so that T ^ S and ^ 0. It suffices 
to show that in this case stw^ds^^ is bounded by a constant times ctw^wq, 
which is inequality ^ from the proof of Lemma [TT21 on pageHH Therefore the 
inequality holds. 

We shall now bound terms involving H in (|27p. 



\AjH) ( 



6/ A(5_/)C^vert<J 



< C 



<c' 



<c" 



w 



SUSo 



We wish to use our inductive hypothesis to estimate this last term, but S — I 
may not be a lifted set of strata. To remedy this, note that 



(29) 



where S' is the largest lifted collection of strata which is a subset of 5 — /. 
Therefore eiA^_jdvert<t' — GiAg,d-vert4>- We also have that 



(30) 



This is because if e/[z"] vanishes on S' and iSq, it must vanish on and 
therefore, it must also vanish on S — I (which should be thought of as equal to 
S'\jr). Therefore, 



-5 



(SUSo)-/^('S--f)"^'=''*'' 



< c 



5+S' 



If / is not a lifted set of strata, then the right hand side of the above inequality 



is bounded by a constant times 
of strata, 



W^, A(.J,.,dvert<; 



So if I is not a lifted set 



'{AiH)(eiA 



< c 



(31) 



On the other hand, if / is a lifted set of strata, then 5 — / is lifted, so 
S' = S — I, and we can derive the above inequality ([3T|) as follows: 



\AiH) (e/A(^_^)dv 



< C 

<c 
<c' 



{wj ^AiH) (^eiw^^_^Af^^_j^d^erti 



6SzS' 



W^f Ag,d^ert(l 



S&z5' 
5Sz5' 



45 



Now, we need to bound the terms involving DE in (|27p . 



\AiDE) (e,A(5_,) 



< c 



< c' 



SUSa 



(AiDE) (e/A(5_ 



using ([28| 



< c sup 



Now we must bound sup 



If / is a lifted set of strata and 



S' = S — I , then the above inequality immediately gives 



'{AjDE){ejA^^_, 



< c 



5h6' 



(32) 



On the other hand, if / is not a lifted set of strata, there exists some strata 
Si C S — I and Si G Sf so that Si G I. Then we can use Lemma 12.111 and 
the observation that e/w^''^ is bounded by a constant times eiw^fwQ^ (which 
follows from ([50)) ') to get the following: 



sup 



ej-w 



<csup 



(S-/)S 



csupe/WQ ^ 



<c' 



'Si ^'vert 



As, (ejw~^A^^_, 



<c" 



5+5' 



5+S' 

using 

as r ^ 



Therefore, inequality 
the inequalities (|3ip and 



holds for all sets of strata I C S. Therefore, using 
along with equation P7|) gives 



Dd'w-^^Agcj) - vj-^^A^Dd'q 



SSzS' 



< c 



El 

<S'Cj 



1 

SSzS 



(33) 



If S consists entirely of strata S so that S*"^ = 0, then A^ = A^. Therefore, 
we may apply the estimates of Lemma 12.181 on page |32] to the above inequality 
to exchange Aj with A5 and get error terms involving A5/ where S' C S, and 
also apply the estimates of Lemma 12.181 to the right hand side of to get 



Dd'wZ^Asct) ~ w^^AsDd' 



< c 



El 

5'C5 



U-*A5'( 



1 

(5&5 



(34) 



The right hand side of (|34p is bounded by c ||7rv/Z?9'(/)||jj ^ by our inductive 
assumption ([26]) . As ([34]) can now be regarded as a statement which applies on 
the all the coordinate charts Ui over U, we can apply Try to the left hand term 
in (I33D to get 
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< 



+ C W-KyDd'Cf 



(35) 



l0,<5 



We now estimate this right hand side of this inequahty by a constant times 
||7rv'£)9'(/)||Q ^. (This estimation is trivial if F is dimensional, but it will take 
us over two pages.) After that, the inequality can be applied to complete 
the inductive argument. 



inf 



< c \\TTvDd'(l>\\ , + inf 

II 1 1 U , O T , 



^Asv' - V 



c \\iTvDd'q 



SSzS' 



(36) 



where v' is any section of V with |1w'||q ^ finite so that 
2\\nvDd'4^^^>\\Dd'^-v'\l^^ 



We must show that 



can be bounded in terms of WirvDd'q 



(37) 



In our coordinate chart U , we can choose a trivialization of V using a basis 
of C°°'^° sections {vi}. We then have 

i 

where {/i} is some collection of real valued functions which are constant on 
fibers of our coordinate charts Ui — > U . We can choose Vi so that for any 
collection of functions gt on U, 



\9r\ < C 



Using the identity Asfg = {Asf)g + {esf)Asg repeatedly, we get 



(38) 



(39) 



ICS,i 



As /,; is constant on fibers of our coordinate chart, if 5 G S'^, then Asegfi ~ 0. 
Therefore, we can rewrite the above expression as 



less 



(40) 



We need to estimate Agv'. This is equal to A^v' unless we're in a coordinate 
cart of type [3a| with coordinates including | zi | < c and \z^\ < c. Using the 
notation introduced in Definition 12.161 on page [251 write /+ for the subset of / 
on which [zij = t", and for the subset on which [z'^J = t", then 



Ac - p+{Ae - A5+) - p-(Aj - A5-) 
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where and p are some cut off functions. Note that as fi is constant on 
fibers, e/+/ = ej/i — ejfi where in the right most expression, we consider fi as 
a function on U. Similarly, Aj/i = A/+ = Aj-fi = Ajfi, so Aj/^ = A//. As 
every strata in iS has a unique lift to 5+, equation pop implies that 



As+v' = ^ {Aie(s-i)fi) (A(5_/)+t;,) 



(41) 



ICS,i 



and similarly. 



^5-«'= E (A/e(5-/)/.) (42) 

ICS,i 

SO using equations (HO]) , ((iT|) and (01]) on a coordinate chart of type [33 we get 

A5«' = (A/e(5-7)/^) (A(5-/)^^^) (43) 

ICS,i 

We've proved the above equation (05|) for coordinate charts of type [23 and on 
all other coordinate charts, equation (|43|) is equivalent to equation (|40|) . so (|43l) 
is valid for all our coordinate charts over U. 

We can apply equation along with the inequality ([55)1 to bound [w^^As/i 
as follows: 



sup Uc Ag/i < c 



i 

< c w^'^Agw' 

< c w^'^A^i;' 



J2 \rs^ (A/e(5-/)/j) 



c" ^ sup |w7''A/e(5_/)/j 



Using the above inequality again on the terms with fewer strata gives 
sup [wg'^As/il < w^'^A/w' 



ICS 



(44) 



As the sections Vi are C°°'^°, the norm 



Wj ^ AjVi 



S&cS' 



is bounded. Now 



bound terms on the right hand side of equation (|43p as follows: 



nvwg (A/e(5_/)/j) ( A(5_/)W 



< c 



Try (u;^ A/e(5_/)/j) A(5_/)Wj 
ap |u;7''A/e(5_ 
< c' u'7,'^ A//v' using 



< csup \wj ^Aie(s^i)fi\ TrvwJ_j^\s-i)Vi 



ShS' 



I'CI 
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When considering ttv of equation (|43p . we can remove the term where I = S, 
because {Asfi)vi G V . In the remaining terms, fi is always being acted on by 
A/ where |/| < \S\. Therefore, using equation 1^5]) and the above inequaUty, 



I<ZS 




WvDd'q 



l-KyDd'q 



\a,5 



\o,s 



SScS 

Using the above inequahty with equations ([SS]) and ((36|) . we get 



using (P7|) 



usmg 



< c ||7ry£'9'(; 



I 0,5 



Applying inequality (^5]) to the left hand side of the above gives 



5&5' 



< c ||7ry_D9'(; 



lo,5 



This completes the inductive argument that the above expression holds for all 
sets of strata S in \ U \ . Therefore, using the equivalent norm from Lemma 12.171 
we've proved the required inequality on the set of coordinate charts over U, 



(45) 



It follows that inequality (|45p holds on our entire family, as our entire fam- 
ily is covered by a finite collection of allowable coordinate charts. We shall use 
the above inequality (|^ to see that nyDd' : Xq^s — > ^/K).5 has a bounded in- 
verse, determined by the individual inverses to 7ry£>9'(p) : Xq s{p) — > Y/Vn s{p) 

by 

\7TvDd') '{i^)){p):={7TvDd'{p)) '(Hp)) 



For each i' e Y/Vq^s, this determines a unique (p :— {ttvDB') {v) £ X^j^s' so 
that TTyDd'cj) = V. The smooth part of this inverse is the same on topologically 
equivalent curves, so for each strata 5, egc^ makes sense, which is all that is 
needed to prove therefore G Xo,5, and iryDd' : Xq^s — > ^/^o,5 has an 
inverse bounded by the constant c in the above inequality (j45p . 

□ 

Proposition 3.14. If {f,V) is a C°°'^° pre obstruction model with 5 + 5' < 5^, 
then there exists a neighborhood U of € Xq^s so that for any v G U which is 

(Jca,So 

has a bounded inverse, then 

nvDd'iiy) : Xk,s Y/Vk,5 



has a bounded inverse. 
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Proof: We shall prove this proposition for u being the zero section first. In 

this case just use the notation _D9'(zcro section) = Dd'. This proposition is 
trivially true for fc = 0. Assume for induction that this proposition is true for 
k—1. Suppose that w is a extendible C°°'''° vectorfield on the total space of our 
family, £ which is the lift of some vector field on the base ^. In a coordinate 
chart, we have the following expression: 



= Dd'{\7^(P) + V^{DE){<P) + i([dvert, V,„]<^ + J[rfvert, V^]^i) 

(46) 

Using the fact that J, j and DE are all extendible and C°°'^° , and [dyert, ^w] 
is an extendible C°°'^° first order operator which involves derivatives only in the 

vertical direction as w is the lift of a vector field on ^, the above equation gives 
the following estimate with a constant c which depends on w. 

\\Dd'W^cl> - V. (Dd'cl^) ||,_^_, < c 

We have proved the above inequality for a single coordinate chart. As our family 
is covered by a finite collection of such coordinate charts, the above inequality 
holds globally. Therefore, taking ttv of the left hand side gives the following 
inequality where the constant c depends on w: 

\\nvDd'V^4^_^^^ < \\7rvVUDd'cly)\\^_^^^ + cMl_,^, (47) 

We wish now to bound ||7rv'Vu,(-D9'(/))||^_-|^ ^ by something depending onwtimes 
||7ryi35'(/)||^ ^ + ||</>||^_i5 (a particularly easy task if is a zero dimensional 
vector bundle). Choose some section vofV with ^ finite so that 

2\\TrvDd'4^^^>\\Dd'<P-v\\^^^ (48) 

Therefore there exists some constant c depending on w so that 

> ||7ryV^(r>aV)||fc_i_5- ||7ryV^w||fe_i^5 



(49) 



Work in some finite collection of extendible coordinate patches on ^ on which V 
is a trivial vector bundle, and choose some basis vi . . . of C°^'''" sections of V 
so that we can write any section ofV asv = fi'^i where g < \\v\\^_-^ g. 

Note that 
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Therefore we can bound the right most term in (|49p as foUows: 



|7ryVu,w||fc_ 1 A < 



<T.\\f■^\\k-l.s\\'^^y^\\l-l,S 

(50) 

< c(||i?a>||^_^^^ + 2 using m 

Using the inequahty ([50]) for the right most term in and rearranging 
gives 

||7rv/?9'V„0||,_^ , < c(||^y^a'</>||,_, + II0I|Lm) 
Then, using our inductive hypothesis, 

In the above inequahty c depends on w, which is any extendible C°"'^° vector 
field which is the lift of a vector field on ^. As we can span all vector fields on 
by real functions times a finite collection of such w, it follows that 

m,^s<4^vDd'4,, (51) 

where c is independent of (f>. For the bound ([5T|) to imply the restriction of 
the inverse (ttyDB') ^ : Y/Vq^s — > -'^o.* to Y/Vk.s is the inverse to nyDd' : 
Xk,s — > Y/Vk.s, we need V^, {jyKvDd'^ ^ to exist for v e Y/Vk,5 so that 

the above argument can prove that (ttvDB') ^ G Xk^s- This follows from 
the formula (|46|) and the bounded inverse to ttvDB' restricted to any fiber. 
Therefore, nyDd' has a bounded inverse, and we have proved our proposition 
for the case that ly is the zero section. 

If 1/ is a small enough in ||-||J ^, then using the notation F and $ the trivi- 
alization from Definition 13.21 on pagelSBl dF{v)[-) defines a C°°'^° isomorphism 
between f*T^ert^ and {F{i'))*Tyert^- We can repeat the above argument for 
the 0°°^^° family F{ u) using a trivialization induced from F and Invertabil- 
ity of nvDd'{v) in any norm weaker than C°°'^" is equivalent to invertability of 
the corresponding operator at the zero section of the family F{v). Therefore, 
our proposition follows from the argument for the case of the zero section. 

□ 

Proposition 3.15. If f is a C°°'— curve where < (5o < 1, then for any < 
5 < Sq, there exists a neighborhood ofO in Xg so that if v is in this neighborhood 
and B'v G C°°'^ for any simple perturbation B' of B, then v S (7°°^. 

// / is part of a C°°'^ family f , there is a neighborhood of in Xs for this 
family f so that the above conclusion holds for the restriction of this neighbor- 
hood to any of the curves in f. 
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Proof: Recall that Lemma [5^ tells us that in a local coordinate chart, 

= + ij(zy)(dverti^) 

where E, but not H depends on the choice of simple perturbation of d. (Simple 
perturbations are defined on page 1341 ) The d^erti^ in this formula is dependent 
on our coordinate chart as it uses the connection given by a trivialization of our 
coordinate chart, so it (and E) are not globally defined. We can remedy this by 
choosing a linear C°°'- connection V. Then 

d'v^E'{v)+H{v){Vv) 

where E' and H are C°°'^, globally defined, and H{0){Ve) = i(V6' + Jo V6loj). 
The tensor H is independent of the perturbation of d which is chosen. As argued 
in Lemma [3.61 9 i-^ H{Q){V9) is Fredholm from Xg — > Ys for any S < 1. If 
we now choose S < 6o, then i7(i/)(V-) : Xs — > Yg depends continuously on 
ly S Xg, so we have that there exists some neighborhood [/ of in Xg so that 
i/(j/)(V-) : Xg — > Yg is Fredholm. We can also choose this neighborhood U so 
that i/(j/)(V-) is a first order elliptic operator. 

Now suppose that Si + S' = S so in the case of a single curve ^o.A'i — ^s- If 
ly is in this neighborhood U, then there exists some constant c depending on i/ 
so that 

\\e\\lg^<cisnp\0\ + \\H{,y)iye)\\,sJ 

Now let us try induction on the number of derivatives involved. Suppose 
that if J/ is in the above neighborhood U, and ly G Xk.g-^, then 

\mU<c{sup\e\ + \\Hi,y){ve)\\,^,^) 

where c depends on k and ly. Now, let w be a (7°°'^ vector field. 

IIV.^II^ < c(sup|V„(?| + \\H{,y)i\/.,V9)\\,,J 

< c(sup|V„0| + ||(V.H(i^)) (V0)||, + ||V. (i/(;.)(V0))||, ,J 

We wish to estimate the term ||(VuiJ(z^)) (V0)||j;, above. We can estimate 
this by II Vt,iJ(z^) llj, ^-^ times the supremum of the first k derivatives of V6'. 
Standard Sobolev estimates imply that the map 9 i-^ Vd : Xk+i^g^ — > C'^ is 
compact. (Recall that Xk+i^g^ involves k + 2 derivatives.) Our assumption that 
1^ G Xk,5i imphes that ||Vt,7f(i/)||^ is bounded, so the term {\7yH{v)) {V9) 
above is a compact operator K{9). 

ll^lltiA <^\\H{^)iye)\\^^,,^ + \\K{9)\\ (52) 

where K is some compact linear operator. It follows that there exists some c' 
so that 

Il^lll+M, <c'(sup|e| + l|ff(^)(V^)llfe+iA) 

(If this was not true, there would exist a sequence {9i} so that ||^'i||fc_|_i g^ = 1, 
and sup \9i\ + ||i7(i/)(V6'i)|j^_,_^ — > 0. Then there must exist a subsequence so 
that K{9i) converges. The inequality ([52]) then implies that the subsequence 9i 
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converges, which contradicts the assumption that s ^ ^ ^^'^ ^ 

0.) _ 

By induction, if G Xk^s-^ is in the above neighborhood U, then 

ll^llti..-, < c(sup \e\ + \\H{i.){V0)\\,^, sJ (53) 

Now suppose that v £ Xk^Si and B'v G Yk+i^Si- The assumption that S 
imphes that -E'(z^) G ifc+i.^i Therefore H{v){yv) e Yfe+i^^^. Our above 
estimate (f55|) then imphes that u G Xk+i,Si- We have therefore proved by 
induction that if v is in our neighborhood U chosen at the start of the proof, 
d'v e Yfe^Si imphes that v S X^^Si ■ 

In particular, suppose that v is in the above neighborhood U and d'v £ 
C°°,So. Then we have v G (7°°'*!. Now apply [8J. The operator H{u){V-) is 
elliptic and smooth (in the sense required for |8j). The asymptotic operator 
corresponding to iJ(i/)(V-) at any cylindrical end of a smooth component has 
spectrum equal to the integers. This is because H{iy){Vd) ^ ^{<i> o dF{We) + 
J^odF{W9)j) where F and $ are as in Definition [321 on page[331 In particular, 
on edges of the domain £, the map $ocZF is just a constant linear isomorphism, 
because the smooth part of a section v is always constant along edges of the 
domain £. Therefore the spectrum of the asymptotic operator corresponding to 
H{v){'\19) does not depend on v, and is easily seen to be equal to the integers 
in the case that v — Q. Therefore, ds, 5q < 1, we may apply [8] to see that 
H{v){V-) : Xs — >Ys is Fredholm for aU < (5 < S^. Noting that E'{v) G 
(jco,5o_^ we then have that H{i'){\/v) G (7°°^^, and we may repeat the above 
argument to see that v G (7°°^*" for aU < (Jg < (5o. In other words, v G C°°'^. 

Similarly, if / is part of a family /, there exists a neighborhood of in X^ 
for this family / so that for any v in this neighborhood, restricting to any fiber 
we have H{v{p)){y ■) : Xs{p) — > ^5{p) is Fredholm and elliptic. This was all 
that was required for the above argument to work. Therefore, restricting this 
neighborhood to any curve in our family /, the conclusions of the lemma hold 
as required. 

□ 

Definition 3.16. If {f,V) is a C°°'- pre obstruction model and ip is a section 
ofY{f), then say that TTyip is C°°'- if ip is. 

Theorem 3.17. Suppose that [f ,V) is a C°°'— pre obstruction model, so that 
on the curve over p, d' f G V , and 

Tiv o Dd'{p) : Xs{p) Y/Vs{p) 

is invertible for some < S < 5o < I. Then the restriction of {f,V) to some 
topologically open neighborhood of p, {f',V) satisfies the following: 

There exists a neighborhood O of d' in the C^'^ topology, and a neighborhood 
O of Q in so that for any S" G O, the map nyd" : O — > Y/Vq^s is 

a homeomorphism onto a neighborhood of € Y/Vq^s- For any v £ O, v has 
regularity C°°'^ if TTvcJ'V has regularity C°°'— . In particular, there is a unique 
C°°'— solution to the equation 7ry9'V = over /'. 

Proof: Apply Theorem 13. 11 1 to see that there exists a topologically open neigh- 
borhood of p so that for p' in this neighborhood vry o Dd'{p') : Xs{p') — > 
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Y lV(,(j>') is invcrtible with a uniformly bounded inverse. Note that this imphes 
that TTvoDd'ip') : Xs'{p') — > Y/Vs.[p') is also invertible for any < 5' < Sq. If 
we restrict to any topologically compactly contained topologically open subset 
of this, we can use Theorem 13.111 again to tell us that for each < (5' < (5o, the 
above map will have a uniformly bounded inverse. 

Restrict so that resulting family /' is an allowable family, then Proposition 
13.131 states that for any 5 + 5' < (5o, the map Try o Dd' : Xq^s — > Y/Vo,s is 
invertible. Call the norm of the inverse M . Theorem 13.51 implies that ttv °d' : 
Xo,5 — > Y/Vq^s is C^, so we may choose a neighborhood O of G Xq,s so that 
for V e Xo,5, 

1 

<2 



[-KvoDd') ^ O TTv o Dd' {v){-) - k\ 



We may also choose a neighborhood O of 5' , open in the C^-^ topology so that 
for any 5" S O and v ^O, 



i-nvoDd') ^ o TTv o Dd" {v){-) - id 



3 

<4 



(To see the above inequality, note that the definition of the C^'^ topology on 
pagelMl implies that 5' {v) — 6" {v) = E(v) where E is C°°'^, vanishes on edges of 
curves in our family, and is small in the C^'^ topology. Therefore Dd'{i'){(j)) — 
Dd"{u){<P) = DE{u){(j)), so Dd'{v) - Dd"{v) : Xq^s — > Jo.s may be made 
as small as we like independent of e O by restricting d" to a C^'^ small 
neighborhood O of i5'.) 

Therefore, Try o d" is a homeomorphism from O to an open subset of Y/Vq.s. 
Choose O small enough so that Proposition 13.151 holds. As the curve over p 
satisfies Try9' = 0, by restricting to a small enough topological neighborhood of 
p, the image under Try 9' of O will contain G Y/Vq^s- By restricting O to a 
neighborhood small enough in the C^'* topology, the same will hold for S" G O: 
the open set Tryi9"(0) will contain G Y/Vqj. 

It remains to prove that if G O and Try9'V = is C°°'^, then v is 
C°°'^. Do this locally around any point q as follows: First, as Try9'V(g) is 
fjooM^ Q"y{^q) g c°°M and Proposition [3T5] implies that v{q) is C°°^^. Choose 
any C°°'^ extension of v{q) to a topological neighborhood of g, and call this 
extension vq. 

Consider the Newton iteration scheme 



Vk+i := Vk ~ {i:vDd"{vk)) ^ (Try9'Vfe - 6) 

Restricted to a small enough topological neighborhood of g, the above New- 
ton iteration scheme will converge in Xq,s and remain in (the restriction of) 
our chosen neighborhood O. The section Vk is (7°°'^. Now we shall see that 
this Newton iteration scheme will converge in Xk^s' for any k and 5' < 6q when 
restricted to a small enough topologically open neighborhood of q. 

Claim: The size of ||Try9'Vfc||^ ^, can be made arbitrarily small by restricting 
to a suitably small topologically open neighborhood of the curve over q. More 
precisely, ||Try9'V/j||^ ^, can be made arbitrarily small by restricting to a small 
enough neighborhood of the curve over q while using the same metric and co- 
ordinate chart choices in the definition of ||-||j, g,. Consider as a section of 

the bundle Y{f), As i^k and 6 are C°°'^, the above claim is equivalent to 
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being tangent to order k at the curve over q to some C°°'^ section 9' so that 

TTvO' = 0. 

We shah prove the above claim by induction. This claim is true by as- 
sumption for fc = 0, now assume that this claim is true for some k. Therefore, 
Iji^fc+i — VkWk 5' '^^^ made arbitrarily small by restricting to a suitably small 
open neighborhood of the curve over q, i.e. Vk and Vk+i are tangent to order 
k at the curve over q. Define an operator (73'°+^ )9" as follows: The domain of 
(D'^+i)^" consists of i/ G C°°'^' so that V is tangent to Vk to order k over q. De- 
fine {D^^'^)d"v to be the derivative to order fc -f 1 of the section d"v, restricted 
to the curve over q. With this domain, {D^'^^)d" is an affine operator. In 
other words, the property of d" that this operator measures is affine restricted 
to this domain. Therefore the next step in our Newton iteration will give an 
exact solution from the perspective of this operator. In other words, Vk+i will 
be tangent to order fc -I- 1 at the curve over q to some 9' so that nvd' = 9. The 
claim of the above paragraph has now been proven. 

Proposition 13.141 and Theorem 13.51 combined with the above claim implies 
that for any 6' < Sq, restricted to a small enough topological neighborhood 
of the curve over q, the above Newton iteration scheme converges in Xkj' to 
our solution v to nvd"v = 9. This implies that for all fc and 5' < (5o, there 
exists some topologically open neighborhood of q so that our solution v is in 
(jk,5 restricted to this neighborhood. Repeating the argument around any point 
gives that v is C'°°'*2.. 

□ 



4 Results independent of analytic choices 

The following theorem states roughly that the explosion of Deligne Mumford 
space, ExplyW (discussed in [T^]) represents the moduli stack of C°°'- families 
of stable exploded curves. A similar theorem probably holds over the com- 
plex version of the exploded category with 'smooth and holomorphic' replacing 

Theorem 4.1. Consider any C°°'- family of exploded curves (£, j) — > 5 so 
that each exploded curve is connected and has 2g + n > 3 where g is the genus 
and n is the number of punctures. Then for S < I, there exists a unique fiber 
wise holomorphic map 

(Expl.M+i,j) 

i i 
^ — > ExplM 

so that the map on each fiber £ factors into a degree one holomorphic map to 
a stable exploded curve and a map from C to a fiber o/ExplA^+^ given by 
quotienting £' by its automorphism group. 
The above maps all have regularity C°°'-. 

Proof: 

We first construct this map for the fiber (£: over a single point of ^. The first 
stage of this is to construct a stable curve £' with a holomorphic degree one 
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map £ — > The idea is to 'remove' all unstable components using a series of 
maps of the following two types: 

1. If a smooth component of £ is a sphere attached to only one edge, the 
other end of the edge is attached to some other smooth component in 
a coordinate chart modeled on an open subset of T} with coordinate z. 
Replace this coordinate chart with the corresponding open subset of C 
with coordinate z = \z~\. There is an obvious degree one holomorphic 
map from our old curve to this new one that is given in this coordinate 
chart by z I— > [z] , and sends our unstable sphere and the edge attached 
to it to the point p where z{p) = 0. (This map is the identity everywhere 
else.) 

2. If a smooth component of £ is a sphere attached to two edges, there exists 
a holomorphic identification of a neighborhood of this smooth component 
with a refinement of an open subset of 1. Replace this open set with the 
corresponding open subset of T. The degree one holomorphic map from 
the old exploded curve to the new one is this refinement map. (Refer to 
[T^ for the definition of refinements.) 

Each of the above types of maps removes one smooth component, so after 
applying maps of the above type a finite number of times, we obtain a connected 
exploded curve with no smooth components which are spheres with one or two 
punctures. Our theorem's hypotheses then imply that the resulting exploded 
curve £' must be stable. It is not difficult to see that the stable curve obtained 
this way is unique. 

The smooth part of this stable exploded curve £' is a stable nodal Riemann 
surface with punctures, [£']. This nodal Riemann surface determines a point 
in Deligne Mumford space P[ic'] £ M, and a corresponding map of [£'] to 
the fiber of TW"*"^ over this point ppc]. Note that A4 is the smooth part of 
ExplTW and A^+^ is the smooth part of ExplTW^^. The smooth part of our 
map £' — > Expl A^+^ must correspond with this map [£'] — > A4^^. We must 
now determine the remaining information. 

If we give Deligne Mumford space its usual holomorphic structure, there is 
a holomorphic uniformising chart {U,G) containing this point ppc], where U 
is some subset of C" so that the boundary strata of A4 correspond to where 
coordinates = 0, and G is a finite group with a holomorphic action on U 
which preserves the boundary strata. ExplyVf is constructed so that it has a 
corresponding uniformising coordinate chart (C/, G) where U is an open subset 
of which corresponds to the set where [z] G U, and the action of G on f/ 
induces the action of G on the smooth part \U~\ = U. The inverse image of U 
in Expl7W+^ is some exploded object [/+^ quotiented by G, and the smooth 
part of this is the inverse image of U in A4^^, which is equal to some smooth 
complex manifold U'^^ quotiented by G. There are |G| identifications of [£'] 
with a fiber of [/+^ — > U, which are permuted by the action of G, (so together 
they correspond to a unique map to 7W+^). Choose one of these maps. 

Each of the nodes of [£] now correspond to some coordinate z^ on U which is 
equal to 0. We must determine the value of these z^. (All other coordinates are 
nonzero so Zk is given by z^ = z^.) There is a chart U^^ on J/"*"^ containing this 
node which is equal to a convex open subset of C"^^ with coordinates zj, j ^ i 
and zf, z~ , so that the map 11^^^ — > U is given by Zi — zf z^ and Zj = Zj. The 
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identification of a neighborhood of this node with a fiber of means that we 
can use and respectively to parametrize tlie two discs that make up the 
neighborhood of the node. The open subset of £' with smooth part equal to this 
neighborhood can then be covered by two open subsets of 1\ with coordinates 
and z~ so that \z^~\ = z^. The transition between these coordinates charts 
is given by an equation 

z+z- = ct' 

Note that the constant ct' is canonically determined by our choice of coordinate 
chart. Our coordinate Zi must be equal to ct'. To see this consider the corre- 
sponding coordinate chart U^^ with coordinates zj and zf^ so that \zj~\ — zj 
and \z^~\ — zf. The map U^^ — > U is given by zi — zfz~ and Zj — Zj. 
The smooth part of the intersection of our curve with must be as described 
above, and the parametrization of the smooth part by \z^~\ must also be as 
above. The fiber is over a point where Zi — ct' is given by gluing two coordinate 
charts in by the equation z^z~ = ctK This fiber is equal to the corresponding 
open subset of our curve £' and parametrized correctly if and only if Zi = ct'. 

We have shown that after choosing any one of the \G\ holomorphic maps 
[£'] — > U~^^ there is a unique holomorphic map C — > C/+^ onto a fiber of 
U'^^ with smooth part equal to this. Therefore, there is a unique holomorphic 
map C — > ExplA^+^ which factors as an inclusion as a fiber of U~^^ followed 
by quotiententing by the action of the group G. In particular, there is a unique 
holomorphic map £' — > ExplA^"*"^ satisfying the required conditions of our 
theorem. This completes the construction of our map for each individual fiber. 

We must now verify that the resulting map on the total space has regularity 
^00,5 

To verify the regularity of the map we've constructed, we need only to work 
locally around a fiber. As this is local, we may assume that ^ is covered by a 
single standard coordinate chart. Start with the map on a single fiber £ — > 
1/+-'^ constructed above. We shall prove that this extends to a C°°'- fiberwise 
holomorphic map from a topological neighborhood of the fiber. The uniqueness 
of our map on fibers shall then imply that this map must agree with the map 
constructed above, proving the required regularity. We shall consider C/+^ — > 
U to give a family of targets, to which we shall first construct a smooth map 
from a topological neighborhood of the fiber, and then apply Theorem 13.171 to 
correct this to a fiber wise holomorphic map. 

Construct a smooth extension of € — > €! — > U^^ using local coordinate 
charts as follows. Cover [7+^ with a finite number of charts of the following 
three types: the charts U^^ mentioned earlier which cover edges of the image 
of charts covering punctures of the image of which are all of the form 
of some open subset oi1.\xU] and charts containing only smooth parts of the 
image of which can all be identified with some open subset of C times U . On 
£ — > ^, consider a single coordinate chart on ^ which we may assume (without 
losing generality in this part of the construction) is equal to some subset of 
containing all strata of A. ( If this is not the case, and our coordinate chart on 
5^ is a subset of x 1™, we may construct our smooth map to be independent 
of the M" coordinates.) Cover the inverse image of this coordinate chart in €. 
with a finite number of coordinate charts QJ which project to 1^ in one of the 
standard forms for coordinate charts on families discussed in [12]. Construct 
these charts 2J small enough so that the portion of C contained in any one of 
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these coordinate charts is contained well inside one of the coordinate charts on 
U^^. In this case say that is 'sent to' the corresponding chart on U^^. 

Consider a chart 9J on £ which is sent to a chart U^^ corresponding to the 
ith node of We may assume by extending the tropical part of this chart 5J 
as much as possible, and throwing away unneeded charts, that: 

• this chart 2J has an tropical part [2JJ which is an integral afRne polygon, 

• the tropical part of this chart [QJJ intersects at most one other chart in 
a set of dimension larger than the dimension of ^ = [I^J , and further 
more that when such an intersection does occur, the intersection of the 
two charts is dense inside each of their tropical parts. 

Define integral affine functions hi^<u and /i^s^ on [2JJ as follows: If the tropical 

part of € intersecting this chart is sent to a single point in U^^, then set all 
three of these functions equal to t°. If not, define hi^<x} on A to be the size 
of the inverse image of A in [QJJ, and define hf^ on [5JJ to be the distance 
to either end of the fibers of — > A, choosing the relevant 'ends' so that 
on the intersection with £ these hf^ are equal to the pull back of lzf\ times 
some constant. We may define similar functions on all intersections of charts QJ. 
Now define the function hi on A as follows: miiltiply together all the functions 
/ij^aj from each of the coordinate charts above, dividing by the corresponding 
functions for intersections. Note that on the intersection with €, this integral 
affine function is equal to [zi\ . We now define integral affine functions hf^ which 
correspond to [z^l ■ Define a partial order on these charts as follows: if [-Z+J is 
greater on the part of £ in chart 1 than on the part of £ in chart 2, and at some 
point strictly greater, then say that chart 1 is greater than chart 2. Define hf 
on 2J to be equal to the product of with /i^^aj/ for all 2J' greater that 2J 
divided by the corresponding functions for intersections which are greater than 
2J. Similarly define h~ . Define the function Zj on T™ to be equal to the unique 
monomial so that [zjj = hi and Zi restricted to £ is equal to the pull back of Zi 
from U. Doing the same for all other nodes and setting the other coordinates 
constant gives our smooth map from our subset of T™ to U. 
Now choose functions zf" on each coordinate chart QJ so that 

1. 

Z'^Z~ = Zi 

2. 

3. Restricted to £, zf is equal to the pull back of zf from Ui. 

Because the tropical part \_z^ \ is compatible with coordinate changes, and be- 
cause zf is compatible with coordinate changes, these functions are compatible 
with coordinate changes on any fiber topologically equivalent to £, and are al- 
most compatible with coordinate changes in a small topological neighborhood 
of C We can therefore modify them to obey all the above conditions, and be 
compatible with coordinate changes, defining smooth exploded functions zf on 
the union of all coordinate charts V which are sent to Uf^. These together with 
the map from our subset of to U defined above define smooth maps from 
these coordinate charts to Uf^ which are compatible with coordinate changes. 
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We must also define our map on coordinate charts which are sent to coor- 
dinates charts on U^^ which arc a product of U with some topologically open 
subset of 1}. As we already have our map to U, this amounts to constructing 
a map into Tj, which we shall give a coordinate w. The construction of this 
map is entirely analogous to the construction of the function zf' above. Once 
we have done this, we have smooth maps from each of our coordinate charts 
into U~^^ which are compatible with coordinate changes on any fiber topologi- 
cally equivalent to C, and which agree with the map constructed earlier on C 
There is no obstruction to modifying these maps to give a smooth map which 
is compatible with all coordinate changes and satisfies the required conditions. 

We have now shown that there exists a smooth map 

I I 

d ^ u 

so that the restriction to the fiber £ is holomorphic. (We proved this under the 
assumption that 'S is covered by a single coordinate chart.) We now wish to show 
that this can be modified to a fiber wise holomorphic C°°'- map on a topological 
neighborhood of £. We shall show below that if the above is considered as a 
map into a family of targets C/+^ — > U, the cokernel of the relevant linearized 
8 operator is naturally identified with the cotangent space of IJ. To deal with 
this cokernel within the framework of this paper, we shall extend our map to a 
smooth map 

i I 
X K" — > U 

where the tangent space of U is identified with M" x U, and the derivative of 
this map on the M" factor at is the identity. 

Consider the corresponding linearized operator Dd at g restricted to our 
curve £. This is just the standard B operator on sections of the pullback of TC 
to €. Standard complex analysis tells us that as £' is stable, this operator is 
injective, and has a cokernel which we may identify with 'quadratic differen- 
tials', which are holomorphic sections of the pull back to £ of the symmetric 
square of the holomorphic cotangent bundle of £' which vanish at punctures. 
(This actually corresponds to allowing a simple pole at punctures viewed from 
the smooth perspective as quadratic differentials on %{ look like holomorphic 
functions times {z~^dz)^). This is proved by showing that the quadratic differ- 
entials are the kernel of the adjoint of d. All we shall use is that the relationship 
is as follows: the wedge product of Bv with gives a two form which is equal 
to d{0{v)). This vanishes at all edges and punctures because Bv does, so the 
integral is well defined. Therefore, as it equals d{d{v)), and 0{v) is a one form 
which vanishes on punctures, the integral of the wedge product of Bv with 
over € must vanish. As holomorphic sections of the pullback to € of any bundle 
on £' can be identified with holomorphic sections of the bundle on C, we may 
identify the cokernel of our DB with the quadratic differentials on €' . 

We can also identify the holomorphic cotangent space to U at the image of 
the curve £' with the space of quadratic differentials as follows: Refine U so 
that £' is the fiber over a smooth point, and trivialize a small neighborhood of 
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£' in the corresponding refinement of U^^. Given a tangent vector v to [/, by 
differentiating the almost complex structures on fibers using our trivialization, 
we then obtain a tensor v{j) which is a section of T*€' T€'. The derivative of 
dg using this trivialization at the curve £ in the direction corresponding to v is 
^v{j)oj . Then taking the wedge product of ■^v{j)oj with a quadratic differential 
gives a two form on £' which we can then integrate over The result of this 
integral does not depend on the choice of trivialization because of the above 
discussion identifying the cokernel of the restriction of Dd to vertical vector 
fields with the quadratic differentials. It is a standard fact from TeichmuUer 
theory that this will give an identification of quadratic differentials with the 
holomorphic cotangent space to U when £' has no internal edges. It follows from 
this fact that restricting to quadratic differentials that vanish on edges, we get 
the holomorphic cotangent space to the appropriate strata of the smooth part 
of U. Using this fact, it is not difficult to prove directly that the above gives 
an identification of the space of quadratic differentials with the holomorphic 
cotangent space to U in general. 

Add a bundle V to our smooth map to get a smooth pre obstruction model 
{g, V) so that the fibers of V are dual to the space of quadratic differentials, and 
TTyDd is an isomorphism. Theorem 13 . 1 71 implies that we can modify {g, V) on a 
topological neighborhood of £ to a C°°'- pre obstruction model (/, V) with Bf 
a section of V. Referring to this topological neighborhood as R" x ^, we have 

V 

it a 

M" X 

The differential of d restricted to the M" factor at is surjective due to the iden- 
tification of the cotangent space of U with the space of quadratic differentials. 
Therefore, there is a C°°'- map from a topological neighborhood of £ in to 
M" X ^ so that the composition with 9 is 0. This constructs a C°°'- map from 
a topological neighborhood of £ to U^^ which is fiber wise holomorphic, and 
which is equal to our chosen map on £. The uniqueness proved above gives that 
this must agree with our map to ExplA^"*"^, therefore this map must therefore 
actually be C°°'^. 

□ 

Recall the definition of a core family given on paged] The following theorem 
gives criteria for when a given family with a collection of marked point sections 
is a core family: 

Theorem 4.2. A C°°'- family of curves f with automorphism group G, set 
of disjoint sections Si : ^{f) — > £(/) which do not intersect the edges of the 
curves in £(/) and a C°°'- map 

f*T,ert^ ^ » 
i i 

is a core family {f /G, {si}, F) for some C^^* neighborhood O of f in the moduli 
stack of G°°'- curves if and only if the following criteria are satisfied: 

1. For all curves f in f , there are exactly \G\ maps f — > /. 
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2. For all curves f in f , the smooth part of the domain £(/) with the extra 
marked points from {si\ has no automorphisms. 

3. The action of G preserves the set of sections {si\, so there is some action 
of G as a permutation group on the set of indices {i} so that for all g G G 
and Si, 

Siog = go Sg(i) 

where g indicates the action of g on ^{f), £(/) or the set of indices {i} 
as appropriate. 

4. There exists a neighborhood U of the image of the section 

defined by the n sections {si} so that 

e«+"(/) : E^plM x (*b)^ 

is an equi- dimensional embedding when restricted to U . 

5. The map F restricted to the zero section of f*Tyi,rt^ is equal to f, andTF 
restricted to the inclusion of f*Tyert^ 'into the tangent space of f*Tyert^ 
over the zero section is the natural inclusion f*Tyert^ ^ Ty^rt^- 

Proof: Throughout this proof, use ^ to refer to Consider the puUback of 

the family of curves /+" under the map 

s:d^ ;?(/+") 

This gives a family of curves s*(/"^") over ^ with n extra punctures. For any 
individual curve, f € f, criteria [T] and [2] imply that the family /+" contains 
exactly \G\ curves which are contained in s*(/+"), and criterion [J] implies that 
et;+"(/)(5'(/+")) intersects the image of the section s : ^ — > under 
eu+"(/) transversely at each of the \G\ points in corresponding to these 

curves. Therefore, for any curve /' sufficiently topologically close to / in C^'^, 
ew+"(/')(5^(/'"'"")) intersects the image of ew+"(/)(s(5^)) transversely \G\ times 
so that the corresponding \G\ curves in /'^" are topologically close in C^'* 
to curves in s*(/^"). In other words, there exists a C^'^ neighborhood O of 
/ and a C^'"' neighbourhood Og of s*(/^") so that for any curve /' in O, 
eu+"(/')(5'(/'^"|c'J) intersects the image of ev'^"{f){s{^)) transversely exactly 
\G\ times, where f'~^^\os indicates the restriction of /'"*"" to curves in Og. 

It follows that for any family /' of curves in O, the following fiber product 
is a |G|-fold multisection of — > ^(f) 

i (54) 

We therefore get a map from this IGj-fold cover of 5'(/') to d{f)- Criterion 
13] implies that the action of G on ^{f) gives an action of G on ew+"(/)(s(5^)) 
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which does nothing apart from permuting the marked points. As the image 
of eu"'""(/') automatically contains all the results of a permutation of marked 
points, this G action gives an action of G on the above fiber product in ((5l)l . This 
makes the above IGj-fold cover of into a G-bundle because the action on 

ev~^"-{f){s{^)) simply permutes the marked points, so each G-orbit is contained 
within the same fiber of ^{f'^'^) — > -Sif')- Therefore, the above map from 
our G-bundle to g' is equivalent to a map from to 5^/G. It follows from 

Theorem 14.11 that if /' is G°°'-, this map is actually C°°'- map. 

There is a unique lift of this map Sif) — > -SiD/G to a fiberwise holomor- 
phic map 

£(/') ^ 

i i 

^ d{f)/G 

so that /' is equal to / o $ when restricted to the puUback under $ of each of 
the sections Sj. This map <i> is constructed as follows: Consider the map 

ew+"(/) : £(/+") — > ExplM x (s)'^ (55) 

which is equal to ew'*'*-""''^-' composed with a projection ExplA^ x |^*Bj — > 
ExpiyW X ^?B^ forgetting the image of the [n + l)st marked point and also 

equal on the second component to the composition of the projection £(/+") — > 
■S{f~^^) with the map Criteria [2] and pimply that this evaluation map 

is an equidimensional embedding in a neighborhood of C 
£(/+"), and the following is a puUback diagram of families of curves 



i _ i 

'""""^^"^ ExplTW X (*B 









Use the notation ^' for the G-bundle over featured above in ([5 

5' := g(/'+"|oJ Xe.+"(/)o. m C g(/'+") 

The action of G on ^' is some permutation of marked points. This G action 
extends to a G action on permuting these marked points, and lifts to 

a G action on £(/'+") which just permutes the same marked points. Let £' 
be the subset of £(/'+") over g"'. The above mentioned G action makes <t' a 
G-bundle over £(/')• There is a unique G°°'i map <& from €' to so 
that e'w^"(/) o $ = ew^" (/') on This map $ composed with the projection 
— ^ which forgets the marked points is G equivariant, and corresponds 
to a G°°'i map $ : £(/') — > Cl/Vc 

The fact that this map $ : £(/') — s- £/G is C°°'- means the composition of 
it with / is C°°'-. This is by construction close to our other family of curves /', 
and is equal to /' on all the marked points coming from {si}. CriterionEJimplies 
that there is some neighborhood U of the zero section in f*Tvert^ so that F 
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restricted to fibers of /*r^ert^ in U is an equidimensional embedding into fibers 
of !B — > (5. Therefore if we restrict O to be a small enough C^'^ neighborhood 
of /, there is a unique C°°'- section v of ^* f*Tyert^ which vanishes at all 
marked points, is contained in $*{/, and so that /' = For any curve 

g in /, we can denote by F~^{0)\g the set of sections v of g*Tyert^ which vanish 
on marked points, are contained in the restriction of U to £((/) and so that F{v) 
is a curve in O. It follows that for every C°°'- family /' in O, there is a unique 
map $ : £(/') — > €/G and C°°'i section v of ^*T^ert^ so that F(4>,i;), and 
so that V restricted to any individual curve g in /' is contained in F~^{0)\^(^gy 
In other words, (//G, {sj}, F) is a core family for O. 

□ 

The following proposition constructs a core family containing a given C°°'- 
exploded curve which is stable and has at least one smooth component (so it 
isn't T or a quotient of 1). 

Proposition 4.3. Given a stable connected C°°'- exploded curve f with at least 
one smooth component in a smooth basic family of targets *B and a collection 
of marked points {pj} in the interior of the smooth components of €{f), there 
exists a C°°'- core family {f /G, {si}, F) with f a basic family containing f so 
that the restriction of {si} to f contains the given marked points {pj}- 

Proof: The automorphism group G of / shall be equal to the group of autor- 
morphisms of [/] , the smooth part of /. 

By restricting to a topologically open subset of our family — > (5 con- 
taining the image of our curve, we may assume that [&} is an integral afHne 
polygon. 

We shall enumerate the steps of this construction so that we can refer back 
to them 

1. Choose extra marked points on the smooth components of £ so each 
smooth component of £ contains at least one marked point, the smooth 
part of £ has no automorphisms with these extra marked points, and so 
that that we can divide the marked points on €. into the following types: 

(a) On any smooth component of € which is unstable, choose enough 
extra marked points at which d\f] is injective to stabilize the com- 
ponent. Note that G has a well defined action on the smooth part 
of £. Choose the set of marked points of this type to be preserved 
by the action of G. (Note that the stability of / implies that each 
unstable smooth component of € must contain a nonempty open set 
where d\f'\ is injective.) 

(b) Choose the set of remaining marked points to be preserved by the 

action of G. 

2. The tropical part of the family ^ will be an integral affine polygon P = [^\. 
Construct this polygon P as follows: 

(a) Construct a polygon P by taking the fiber product over [0J of the 
polygon [*BiJ for the strata *Bi that contains the image of each 
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marked point above, and taking the product of this with a copy 
of t[°'~) for every internal edge of £. The coordinates on P record 
the tropical position of each marked point, and the length of each 
internal edge of the tropical curves in our family. Note that P is 
a convex integral affine polygon. (This uses the notation from |12j 

that [SiJ is the integral affine polygon which is the closure of [S^J 

in m) 

(b) The requirement that two marked points in the same smooth com- 
ponent are sent to the same tropical point, and that the two vertices 
at the end of each internal edge are joined by an edge of the speci- 
fied length with the same velocity as the original edge of [/J gives a 
number of integral affine equations on P. P is the solution to these 
equations. As P was a convex integral afhne polygon, P C P is too. 
P must be nonempty because it contains a point corresponding to 

L/J- 

3. Use the standard coordinates on 05 from Lemma 4.3 on page 57 of [T^]. In 
particular, for each strata C 25, there exists some ili C S containing 
Q5i so that 

(a) The image in the smooth part [11^] C [25] is an open neighborhood 

of [<B,i c m. 

(b) If [*BiJ is n dimensional, then there is an identification of il; with 
[*Bi] X T"^g J . We can make this identification so that the (sometimes 

defined) free action of T" given by considering the embedding [05,] xi 
T^^^ C r*8i] X T" satisfies the following: 

i. The T" action preserves fibers of the family *B — * 0, in the 
sense that if pi and p2 have the same image in 0, then z*pi and 
z * P2 also have the same image in ©. 

ii. If \ is in the closure of [5Bj J , then the action of T" on il^ nilj 
is equal to the action of a subgroup of the acting on ilj . 

4. Construct ^ as follows: Coordinates on ^ shall be given by the position 
of marked points and the complex structure of our curves. ^ will be equal 
to some open subset of K" x T™ . First construct ^ in analogy to P which 
will have tropical part P. ^ will be an open subset of a refinement of 5 
corresponding to P C P. 

(a) Construct ^ using the following coordinates: 

i. For each marked point p from part Hal f{p) is contained inside 
some strata 5Bi, which is itself contained inside the coordinate 
chart Hi = [05^] x '^j^^ from item [31 As d\f~\ (p) is injective, we 

can choose a smooth coordinate chart on [*Bi] which identifies a 
neighborhood of f{p) with xR'^ x '^j^^i so that the restriction 

of / to a neighborhood of p is equal to an inclusion a; G 

{x, c) where c G R*^ x T"^ ^ and p is given by a; = 0. We can also 

construct our coordinate chart above so that the slices R^ x c' are 
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all contained in a fiber of SB 
submersion M*^ x 1^ — ;- — > 



(5. 



(5, so that there is a well defined 
Note that we can use the same 



coordinate chart for each marked point in an orbit of G. Include 
in our coordinates for ^ the fiber product of M.^ x T "^ ^ — > 6 
for every marked point from part Hal 

ii. Take the fiber product over 6 of the coordinates from part 4(a)i 
with a copy of ili — > C5 for each marked point from part II bf 
where il^ is the standard coordinate from item [3] corresponding 
to the strata containing the image of the marked point. 

iii. Each smooth component of £ can be regarded as a stable punc- 
tured Riemann surface with labeled punctures determined by the 
exploded structure of £ plus the extra marked points from part 
[Tal Take the product of the above coordinates from part 4(a)i 
and 4(a)ii with uniformizing neighborhood of the corresponding 
point in Deligne Mumford space. Do this so that the obvious G 
action is well defined. 

iv. For each internal edge of £, a copy of 1} . 

Observe that the tropical part of \_^\ is equal to P. If P is m' di- 
mensional, there is a (sometimes defined) free action on ^ given by 



multiplication on the correct coordinates from item 4(a)i 4(a)ii and 4(a)iv 
The (sometimes defined) action of a subgroup T"* C preserves P C P 
where P is to dimensional. There is a corresponding action of on each 



of the coordinate charts il^ referred to in item 4(a)ii (which of course is 
not necessarily free) . 

There is a distinguished point p ^ corresponding to our curve /, which 
is the point f{p) in item 4(a)i and 4(a)ii the point corresponding to the 
complex structure on the smooth components of £ in item 4(a)iii and for 
item 4(a)iv It' where the strata of £ corresponding to the internal edge 
in question is equal to T^q Roughly speaking, our family ^ will be some 
neighborhood of orbit of this point under the above mentioned 1™ action. 

5. Construct ^ as follows: 

(a) Take any refinement ^' of ^ so that the includes a strata with 
closure equal to P C P. 

(b) 5 is given by a small topologically open neighborhood of the point 
corresponding to / in ^' so that the coordinates from item 4(a)iv 
have absolute value strictly less that some et*^. 

6. We shall now construct (£, j) d- Roughly speaking, the coordinates 



4(a)iii and 4(a)iv give a map from 5^ to a neighborhood of Expl which 



at / corresponds to the complex structure on £ with the extra punctures 
mentioned in [Tal Pulling back Expl7W+^ — > ExplA4 gives (£,j) with 
the sections corresponding to marked points from II a) and we just need to 
extend the other marked points to appropriate sections to define (£, j) — > 
^ with all its sections s^. We shall do this below in an explicit way to enable 
us to describe more explicitly the extension of the map / to /. 
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Choose holomorphic identifications of a neighborhood of each internal 
edge of C with 



A, {c,t° > \z\ > It'} C T^o, 



so that these neighborhoods Ai are disjoint, and aU marked points 
are in the complement of these annuli Ai. Do this so that the set of 
images of Ai in the smooth part of £ are preserved by the action of 
G. Also choose Ci > 8e where e is the constant mentioned in part [5b] 
above. (Of course, to achieve this, we need to choose e small enough.) 

Use the notation Ai to refer to the part of £ corresponding to Ai. 
This is given as follows: 



In the construction of ^, replace the factor of from item 4(a)iv 
corresponding to the edge Ai with T|. If this has coordinates 
wi,'W2, then Ai is the subset of this so that \wi\ < Cit" and 
|tt;2| < lt°. The map Ai — > ^ is given by the map Wiit;2 : I2 — > 1} 
and is the identity on all other coordinates. 

There is a natural action of G on the union of these Ai given as 
follows: On the coordinates corresponding to all coordinates on ^ 



apart from part 4(a)iv there is an obvious action of G. If g G G 
sends the smooth part of Ai to Aj , the pull back of smooth part of 
the coordinates [wi], \'W2] on Aj is equal to some constant times the 
smooth part of the corresponding coordinates on Ai. Define the map 
from Ai to Aj by defining the pull back of lii and W2 simply to be 
the corresponding coordinate multiplied by the above constant, and 
the pull back of other coordinate functions as given by the obvious G 



action on coordinates from parts 4(a)i 4(a)ii and 4(a)iii This induces 



an action of G on 5^ so that the map IJ^ Ai — > 5 is equivariant. 

Label by Ck the connected components of the complement of the sets 
1^^° > 1^1 > 2t'} C Ai . Again, use the notation Gk to refer to the 
corresponding part of £. This is simply given by the product 

Ck :- Gk X 5 

The map Gk — > i? is simply projection onto the second component. 
Note that there is an action of G on the union of these Gk given by 
the action on ^ defined at the end of item [6b] above, and the action 
of G on the union of Gk as a subset of the smooth part of C 

The transition maps between Ai and Gk induce in an obvious way 
transition maps between Ai and Gk, which defines the family £ — > ^. 
Note that the inverse image of our special point p — > ^ is equal to £. 
Note also that these transition maps are compatible with the action 
of G on the union of the Ai and the union of the Ck, so there is an 
action of G on (£, j) — > ^. 

Remembering the positions of our marked points in Gk gives the 
sections Si : ^ — > £ referred to in the statement of this proposition. 

It remains to construct the complex structure j on the fibers of £. 



Recall that the coordinates on ^ from item 4(a)iii are intended to give 



the almost complex structure on smooth components of £. Choose a 
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smooth family of complex structures j on the smooth components of 
£ parameterised by these coordinates with the correct isomorphism 
class of complex stucture, so that j at our special point is the original 
complex structure on £, and j restricted to the the subsets Ai is 
constant. Do this equivariantly with respect to the action of G on 
the smooth part of £ and the action of G on the coordinates from 



part 4(a)iii This gives a family of complex structures on the fibers 
of Ck- This is compatible with the standard holomorphic structure 
on Ai, so using this gives us our globally defined (£, j). Note that 
the restriction of this to the curve our special point p — > ^ give £ 
with the original complex structure. 

Construct the family of maps / : £ — > OS. This will involve translating 
around pieces of the original map /, modifying this map near marked 
points as directed by the coordinates of ^, and gluing together the result. 
The last 'gluing' step only affects the map f on Ai, so we shall now perform 
the first two steps to construct f on Ck- 

Construct / on Ck as follows: 

(a) Suppose that f{Ck) C 5Bi C ili. Recall that there is a (sometimes 
defined) action of T™ on ^ and a corresponding (sometimes defined) 
action of T™ on ili . li p' = c* p, where p — > ^ is the special point 
corresponding to /, then define 

f{z, p') ■= c* f{z) when z e Ck 

This defines / on the part of Ck over the orbit of p — > ^ under 
the action of T™. Note that the above orbit and this map are both 
preserved by the action of G. 

(b) We must make sure that each of the individual smooth curves in 
/ are contained in the correct fiber of !B — > (S. Note that this 
is automatically true so far, because of the compatibility of our T™ 
action with the map *B — > <S. (In fact, there is a (sometimes defined) 
action of T™ on © so that this map is equi variant.) We shall now 
extend the definition of / to a subset of £ which is equal to M" times 
where it is already defined by 'translating in directions coming from 

As constructed, the obvious map (trivial on all coordinates apart 



from those from items 4(a)i and 4(a)ii), ^ — > © is a submersion 



which is preserved by the action of G. The image of the tropical part 
P under this map is some polygon Q C [®J. Therefore, the image 
of 5 under this map is an open subset of some refinement of © that 
has the interior of Q as a strata. If ^ is chosen small enough, this 
open subset of the refinement of © is isomorphic to R" x 1q . We 

can pull our family *B — > © back to to be a family over R" x Tq . 
If ^ was chosen small enough, this family will split into a product 
R"' X <B' — > R"' X T^' which is the identity on the R"' component, 

and some family ?B' — > Tg on the second component. We can 
choose this splitting so that it is compatible with our local actions of 
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on ili, and the action of G. This also gives a splitting of into 
K" X ^' . We can choose this splitting so that the subset of S' where 
we have already defined / is contained inside x 5^'. Now we can 
define / as a map to M" x 2S' follows: 

f{z,x,p') = {x,y) if f{z,0,p') is already defined, and f{z,0,p') — {0,y) 

Here (z, x,p') denotes coordinates on Ck = Ck x R" x ^' . This map 
is defined on a G invariant subset, and is preserved by the action of 
G. 

(c) Split ^ further into an open subset of M" x ^" where our map / 
is defined so far on the subset of Ck which is over x ^" , and the 
splitting is preserved by the action of G. Extend the map defined so 
far to a smooth map / defined on all of Gk so that 

i. / fits into the commutative diagram 

Ck ^ ^ 

ii. / is preserved by the action of G on Ck. 

iii. On the intersection of Ai with Ck and outside a small neigh- 
borhood of all marked points, f{z,x,y) — f{z,0,y). (This uses 
coordinates Ck = Ck x R"" x ^" .) 

iv. For each marked point q from part Hal the value of / at the point 
{q, X, y) is equal to the corresponding coordinate of from part 



4(a)i 



V. For each marked point q from part[Tbl {x,y) G R" x g'" deter- 



mines a value for the coordinate on ^ from part 4(a)ii which is a 
point inside iL; C S. For such a marked point, /(g, x, y) is equal 
to this point. 

Define / on Ai by cutting Ai into two pieces, translating each piece the 
same way as the Ck it is attached to, and then using a smooth gluing 
procedure to glue together the result which only modifies / on the region 
where Ai does not intersect Ck- (An example of such a smooth gluing 
procedure is contained in the proof of Lemma [3.100 Do this so that / is 
compatible with ?B — > (5, and / is preserved by the action of G. Note 
that modification is only necessary when the fiber of A — > is an annulus 
with finite conformal modulus. 



We have now constructed the required family. 



(£,j) ^ (»,J) 

J. 7^5 J. TT® 
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This map / is smooth or C"^'- if / is. The family / with the sections {si} 
satisfies criteria [Tl [5] and [3] from Theorem 14.21 on page [501 and if F is any 
map 

I I 

given by exponentiation using some smooth family of connections on 03 — > 
&, then F is C°^'- if / is, and F satisfies the criterion [5] from Theorem 
14.21 Therefore, it remains to check criterion 2] from Theorem 14.21 

In the remainder of this proof, let n denote the number of our sections, 
so n — \{si}\. We need to show that the evaluation map from to 
Expl Ai times the fiber product of S — > © with itself n times 



ew+"(/) : d{.r") — > ExplX x MB 







is an equidimensional embedding when restricted to some neighborhood 
of the section s : ^ — > dif~^^) given by our sections {si}. Coordinates 
on a neighborhood of the image of ^ — > S{f^^) are given by coordi- 
nates on ^ and coordinates on a neighborhood of each marked point. The 
evaluation map from this neighborhood splits into two equidimensional 



embeddings as follows: By construction, the coordinates from 4(a)iii and 



4(a)iv| together with the coordinates around all marked point not of type 
a] describe an equidimensional embedding into ExplA^. The coordinates 



e 



from 4(a)ii and the coordinates from 4(a)i plus the coordinates around 

marked points of type[Ta|describe an equidimensional embedding to 

restricted to a small enough neighborhood. (We should restrict to a suit 
ably small G equi variant subset so that this holds.) 

□ 

We now prove the existence of obstruction models, defined on page [71 

Theorem 4.4. Any connected holomorphic curve f with at least one smooth 
component in a basic family of targets is contained inside some C°°'- obstruction 
model if/G,V). 

Proof: 

Proposition 14.31 tells us that the curve / must be contained in a C°°'- core 
family g/G. We may choose this core family to include any collection of marked 
points on /, so after choosing a (G invariant) trivialization, we may arrange that 
Dd : Xs{f) — > Ys{f) is injective. We can therefore choose a finite dimensional 
complement Vb(/) to Dd{Xs{f)) consisting of C°°'- sections of Y{f), and ex- 
tend this on a topological neighborhood to a C°°'- pre obstruction model {g, Vq), 
where Vq is not necessarily G invariant. As ttvoDB : Xs{f) — > {Y/Vo)s{f) is 
an isomorphism. Theorem 13. Ill tells us that Vq is complementary to the image 
of Dd in some topological neighborhood of / in g. Then, in this neighborhood, 
considering Vq as giving a projection onto the (G-invariant) image of Dd. We 
may average this projection under the action of G to obtain a G-invariant pro- 
jection corresponding to a G°°— pre obstruction model {g,V), invariant under 
the action of G, so that V is complementary to the image of Dd. Then Theorem 
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13.171 gives that restricted to a small enough topologically open neighborhood of 
/, we may modify g to a G equivariant C°°'- family / so that irydf = 0, and 
{f/G,V) is a C°°'- obstruction model. 

□ 

The following theorem describes the 'solution' to the d equation perturbed 
by multiple simple perturbations parametrized by different obstruction models. 

Theorem 4.5. Given 

• a finite collection of obstruction models {f[/Gi, Vi) for the substacks 0[, 

• topologically compactly contained Gi invariant sub families fi C 

• and an open substack O which contains /q and which meets 0[ properly 
for all i (definition M.lB]) . 

then given any collection of C°°'- simple perturbations Pi parametrized by f[ 
which are compactly supported in fi and are small enough in G°°'-, there exists 
a 'solution mod Vq on fa' which is C°°'- weighted branched section v of fgTyert^ 
(branched over [S'(/o)]y' with weight 1 so that the following holds: 
Topologically locally on ^{fo), 

n 

^ n 

1=1 

where vi are C°°'- sections of f^Ty^rt'^ vanishing on the marked points in the 
definition of the obstruction model {fQ,V) so that F{vi) are in O and in the 
notation of example \1.16\ on page 

I j=i 

so that dF[vi) — Pi^i is a section of Vq. The weighted branched section v is 
the unique weighted branched section of f^Ty^rt^ with weight 1 satisfying the 
following two conditions: 

1. Given any curve f in O'q H O which projects to curve in fo, ifYii f*Pi = 
^ Wkt'^'' , and near f , v ~ 'Yl w'lt^^ then the sum of the weights Wk so 
that df — Qk is in Vq is equal to the sum of the weights w'l so that f is 
contained in F{vi). 

2. For any locally defined section ■0 of f^Ty^rt^, if the multi perturbation 
Yli F{ip)* Pi = wt^ + . . . , and dF{ip) — Q is a section of Vq, then locally, 
ly = V]f^ + .... 

If {P,-} is another collection of simple perturbations satisfying the same as- 
sumptions as {Pi} then the sections v[ corresponding to i>i, with the correct 
choice of indexing can be forced to be as close to vi as we like in C°°~ by choos- 
ing {Pi} close to {Pi} in C°°'-. If {Pi,t} is a C°°'- family of simple perturba- 
tions satisfying the same assumptions as {Pi}, then the corresponding family of 
'solutions mod Vq ', Vt form a C°°'- family of weighted branched sections. 
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Proof: 

Use Oi to denote the restriction of 0[ to the subset with core fi/Gi. As /q 
meets C- properly for all i, and fi is topologically compactly contained in 
there is some C^'^ neighborhood J7 of in the space of sections of fQ*Tyert^ 
and some finite covering of (/o, Vq) by allowable pre obstruction models (/, V) 
so that either 



for all 1/ which are the restriction to / of sections in U, F{v) is contained 
inside O- 



or 



F[u) does not intersect Oi for any u which is the restriction to / of some 
section in U . 

Let / indicate the set of indices i so that the first option holds, so F{v) is 
contained inside 0[ for v small enough. 

The main problem that must be overcome in the rest of this proof is that the 
simple perturbations P,; are not parametrized by /. We will extend / to a family 
h which can be regarded as parametrizing the simple perturbations Pi for all 
i £ / and use the resulting unique solution D to the corresponding perturbed d 
equation over h to construct the weighted branched section of f*Tyert^ which 
is our 'solution' with the required properties. This will involve reexamination 
of ideas that came up in the proof of Theorem 14.21 

Use the notation 

for the map coming from the extra marked points on the core family //. 

The map e'y+"'(/;) : — > ExplTW x (s)^' has the property that 

it is an equidimensional embedding in a neighborhood of the section . There 
exists an open neighborhood O^i of the family of curves (s*)*/^'^" so that given 
any curve / in O-, if /+"' \a ^ indicates the restriction of the family /+"' to O^i , 
then ez;"'""'(/)(5'(/+"'|o .)) intersects eti"*""' (/')(s*(S^(/-))) transversely exactly 
\Gi\ times, corresponding to the \Gi\ maps from £(/) into £(//). 

Consider the family /+("-!) ; — > [p] ^- Use the notation 
to denote the vector bundle over which is the puUback under /+"~^ 

of the vertical tangent space of the family — * ®- Any section v of 

f*Tyert^ corresponds in an obvious way to a section of and 

the map F : f*Tvert^ — > ^ corresponds to a C°°'- map 



so that 



Use the notation |q . to denote the restriction of to the subset 

Define a map 
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so that iJV^+" is equal to the natural map coming from the complex structure 
of curves in £(/"•"") — > !?(/"''") on the first component, and on the 

second component. So 

The map is C°°^i. 

Use the notation 1^(5)^^"'"^^ |o ; for the restriction of z^+^"'^^^|ci ^ to the 
inverse image of a curve g e /. For any section z/ small enough in C^'^ , the map 
EV+"- restricted to 1^(5)+^"'"^^ |o^, intersects ev+"^{fl){s'{^{fl))) transversely 
in exactly \Gi \ points. Denote by Si the subset of which is the puUback 

of the image of the section s*: 

Close to the zero section in Si has regularity C"^'-, and for sections 

J/ small enough in C^'^ , St is transverse to 1/+^"'^-'^^ jo . and i>'^^'^^^^'>\a ^ H 5^ is 
a |Gi|-fold multisection ^{f) — > S^ C 

Use the notation for the pullback along the map £(/+") — > 

of the vector bundle 5,; for the inverse image of Si in and 

-+(«.-!) ^j^^ pullback of C to a section of 

Define a map 

EV^" : — > 7W X («b)^ 
so that recalling the notation e'v^" from ([55|) on pageEHin the proof of Theorem 

1121 

Note that 

The fact that ev~^^'-'{fl) and ew"''"' (//) are embeddings in a neighborhood of 
imply that there are natural maps 

s^ e:((s^)*/;+") ^ 

i i i (56) 

so that the map on the left is an isomorphism on each fiber, and the map on the 
right is the map that forgets the extra marked points. We can define a family of 
curves Si — > Si by forgetting the extra marked points in the family 5^ — > 5^ 
- so Si is equal to the domain of the pullback of the family over the map 
5,; — > -Sifi)- The above map of families of curves ((5^ factors differently into 
the following diagram 

~S. S, ^ €{fl) 

I I I (57) 

S, ^ S, ^ dif[) 



72 



As discussed in the proof of Theorem 14.21 the right hand map above 
determines the maps ^f(v) from the definition of the core family fl/Gi in the 
foUowing sense: For v small enough, the intersection of zy+'^"'~^^ jo . with Si is 
transverse, and is a |Gi|-fold cover of 5^(/), which lifts to a |G,;|-fold cover of 
£(/) which is a subset of 5". Then gives a map of our |G-t|-fold cover of 
into £(//), which corresponds to the map <&F(iy) : ^{f) — > ^{fD/^- 

Denote by X+ the fiber product of over ^{f ) for all i ^ I, and 

denote by the fiber product of over ^{f) for all i G /, - so X+ is a 

vector bundle over 5^+. A C°°'- section v of f*Tyert^ corresponds in the obvious 
way to a C°°~ section of which is equal to z/^^"'"^^ on each 
factor. Similarly, denote by z^^|o ^ the open subset of inside i/+^"'^^^|c) ^ 
on each factor. Denote by C A"+ the subset corresponding to all 

Si C restricted to a neighborhood of the zero section small enough 

that 5*+ is C°°'i, We can choose 5+ so that pulhng back (/, V) over the map 
5+ — > gives an allowable pre obstruction model {h, V). Note that €{h) is 
some open subset of the fiber product of Si over £(/) for all i £ I, so the maps 
$i from (|57p induce maps 

^ £(//) 
i i 

Pulling a simple perturbation Pi parametrized by f- back over the map <i>i gives 
a simple perturbation $*Pi parametrized by h. Use the notation 

lei 

If z^ is any small enough section of f^T^ert^, then the multi perturbation 
Yiisi^i^yPi defined as in example 11.161 on page [H] can be constructed as 
follows: If is small enough, then i^^lo + is transverse to S^ , and the inter- 
section of iy^\o + with S"^ is a n-fold cover of in ^{h) which lifts to a 

multiple cover of £(/) inside €{h) (where n = JliG/ l^il)- Together these give 
the domain for a family of curves F^v)' which is a n-fold multiple cover of Fiy). 
Restricting P to F{y)' then gives a section of Y{F{v)'), which corresponds to 
a n-fold multi section of Y{F{y)). Locally, giving each of these n sections a 
weight 1/n gives a weighted branched section of Y{F{v)) with total weight 1 
which is equal to the multi perturbation Wi^j F{v)* Pi defined as in example 

As (/, V) comes from an obstruction model. Theorem 13 . 1 71 applies to {h, V) 
and implies that there is some neighborhood of in the space of simple pertur- 
bations parametrized by h so that for such any P in this neighborhood, there 
is a unique small C°°'- section v of h*Tyert^ vanishing at the relevant marked 
points so that Try (9 — P)(£') = 0. The fact that (/, V^) is part of an obstruc- 
tion model for Oo implies the following uniqueness property for v li P \s small 
enough: Given any curve h in h and section tp of h*T^ert^ vanishing at the 
relevant marked points so that F(V') is in Oq, then 7ry(3 — P){i') = if and 
only if -0 is the restriction to h of v. 
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Denote by X+ the puUback of over the map d{h) — > -Sif), and denote 
by the puUback of 5*+. This comes with two maps into S~^, one the 
restriction of the map — > X+, and one the restriction of the map X+ — > 
= 5+. Denote by 5^ the subset of 5+ on which these two maps agree. 
Because these two above maps agree when composed with the relevant maps to 
d{f), can be regarded as the fiber product of 5+ with itself over d{f) and 
5^ is the diagonal in this fiber product 5*+. Therefore, S'^ is C°°'- and the map 
S'^ — > 5*+ is an isomorphism. A section i> of h*Ty^rt^ defines a section of 
the vector bundle X'^ so that if v is the puUback over the map €.{h) — > 
of some section v of /*Tuert^, then is the puUback of . We can define 
^^^10+ similarly to the definition oi v^\q ^. 

Ks v'^\o + is transverse to 5*+ for v small enough and v^\o + n 5"*" gives 
a n-fold cover of v^\o + is transverse to S'^ for v small enough, and 

j^^lo + n S\ also defines a n-fold cover of with regularity C°°'-. We may 
consider this multiple cover of as being a multi section ^' of 5*+ = ^{h) — > 
which lifts to a multi section of €.{h) — > *^(/). Restricting v to this multi 
section gives locally n sections vi of f*Tvert^ with regularity C°°'-. Then 



n 

V = Y: (58) 



n 
1=1 



is the weighed branched solution which is our 'solution mod V\ We shall now 
show that this weighted branched section has the required properties if {Pi} is 
small enough. Note first that close by simple perturbations {Pi} given close by 
solutions vi. Also note that if we have a C°°'- family of simple perturbations 
{Pi^t}, Theorem 13.171 implies that the corresponding family of solutions to 
TTvid — Pt)vt = is a C°°'i family, so the corresponding weighted branched 
sections vt form a C°°^- family. If we choose {Pi} small enough, then F{vi) will 
not intersect Oi for any i ^ I . Therefore, the multi perturbation under study is 
given by 

I j=i 

where Pjj is constructed as follows: t'/^lo + H 5+ is a n-fold cover of the open 
subset of where vi is defined. By working locally, this n-fold cover can 
be thought of as n local sections of 5*+ = ^{h) — > 5^(/), which lift to n local 
sections of — > Sif)- The restriction of P to these n local sections gives the 
n sections Pj^i of in the formula ([59|) above. As one of these sections 

of dih) — > -Sif) coincides the multi section ^' mentioned in the paragraph 
preceding equation (j58p obtained using the solution i> to the equation Try (9 — 
P)i' — 0, one of the sections Pij of has the property that dF{vi) —Pij 

is a section of V. 

Suppose that / is some curve in OqCiO which projects to /' in the region of 
/ where these vi in formula ([58]) are defined. In other words, there is a section 
ip of f'*Tvert^ vanishing at the relevant marked points so that / — F{ip). If 
the simple perturbations Pi are chosen small enough, the fact that (/, V) comes 
from an obstruction model will imply that if Y[i f*Pi = wt^ + . . . where w > 
and TTv{df — Q) = 0, then ip must be small - choose {Pi} small enough that such 
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/ must have V'^lo + intersecting S'^ transversely n times and / is not in Oj 
for all j i I. Then ]\^ f*Pi = X;r=i where the n sections Qi of Y{f) are 
obtained as follows: The n points of V'~''|c) + correspond to n maps of £(/) into 
- the n sections Qi are given by pulling back the simple perturbation P 
over these maps. Then Try (9/ — Qi) = if and only if ip is equal to the puUback 
under the relevant map of the solution v to 7ry(9 — P)v = 0. Therefore, if {Pi] 
is small enough, the number of Qi so that Try (9/ — Q;) = is equal to the 
number of vi from formula (|58p so that / is in F{vi). 

Similarly, if u' is locally a section of f*Tyc,rt^ vanishing on the relevant 
marked points so that F{iy') e OqHO and H- F{v')*Pi = wt'^ + . . . where w > 
and TTv{dF{i/') — Q) = 0, then so long as {Pi} is small enough, i^'+|o ^ n 5*+ is 
locally a n-fold cover of^{f) corresponding to n sections of ^{h) — > d{f) which 
lift locally to n sections of — > £(/). Then Q must locally correspond to 
the puUback of P under one of these local maps £(/) — > ^{h), and v' must 
locally be the puUback of the solution i) to TTv{d ~ P)iy — 0. It follows that v' 
must coincide locally with one of these i>i from formula (|58p . and the weighted 
branched section locally equal to n^''' the unique weighted branched 

section with the required properties. 

□ 

We now begin a construction of a 'virtual class' for the moduli stack of holo- 
morphic curves which is a cobordism class of oriented C°°'- weighed branched 
substacks of the moduli stack of C°°'- curves. This will include the proof of 
Theorem 11.171 stated on page [131 

Any holomorphic curve with at least one smooth component in a basic family 
of targets *B — > © is contained in some C°°'- obstruction model {f /G, V), and 
any obstruction model covers a C^'* open neighborhood in the moduli stack 
of holomorphic curves. If our family of targets has a family of strict tamings 
in the sense of |12| . then every stable holomorphic curve must have at least 
one smooth component. Therefore the compactness properties of the moduli 
stack of holomorphic curves proved in [12j imply that given any topologically 
compact subset ©' C 25, the part of the moduli stack of holomorphic curves in 
any connected component of the moduli stack of C°°'- curves in S — > over 
& may be covered by a finite number of extendible obstruction models. 

The rough idea of how the virtual class is constructed is that the d equation is 
perturbed in some neighborhood of the holomorphic curves in the moduli stack 
of C°°'- curves to achieve 'transversality', and a C°°'- solution set. 'Transver- 
sality' is easy to achieve locally with a simple perturbation parametrized by an 
obstruction model. For such a simple perturbation to be defined independent 
of coordinate choices, it must be viewed as a multi-perturbation in the sense of 
example II. 161 on page 1 121 One problem is that for a simple perturbation to give 
a C°°'- multi-perturbation restricted to a particular family, that family must 
meet the domain of definition of the simple perturbation properly in the sense 
of Definition 11.151 on page [T^l 

Restrict our obstruction models to satisfy the requirements of Theorem 14.51 
as follows. Each of the obstruction models we start off with has an extension 
{fi/Gi, Vi) on O'^. This substack O'^ can be viewed as corresponding to a neigh- 
borhood of in the space of sections of f'*Tvert^ which vanish at marked points. 
We may assume that this neighborhood is convex, and denote by cO[ the open 
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substack corresponding to the above neighborhood muhiphed by c (i.e. sections 
V so that \v is in the above neighborhood). The fact that {f[/Gi, Vi) is an ob- 
struction model imphes that any holomorphic curves that are in 0[ are actually 
contained in the the family so all holomorphic curves in 0[ are contained 
inside \0[. We may assume that {f[/Gi,V) itself is an extendible obstruction 

model, and that the closure - \0[) of {\0[ - \0[) in the C^'* topology 
contains no holomorphic curves. Define a C^'^ neighborhood of the part of the 
stack of holomorphic curves under study by 



The substack O meets with the core family fl/Gi properly in the sense 
of Definition 11.151 We may restrict our original obstruction model family to 
a Gi invariant sub family fi which is topologically compactly contained inside 
f[\o so that fi still contains the same set of holomorphic curves as our original 
obstruction model. Use the notation Oi to refer to the restriction of to 
the subset with core given by this new family fi/Gi. O meets all these new 
Oi properly, so item [T] from Theorem 1 1 . 1 71 holds . and any compactly supported 
(joo,i sijj^pie perturbation parametrized by fi defines a C°°~ multi-perturbation 
on O as in Example II. 161 

Theorem 14.51 holds for this collection of obstruction models when we use 
{fi\o /Gi,Vi) on the corresponding restriction of ^O'^ for the extensions of our 
obstruction models {fi/Gi,Vi) on Oi. It follows that item [2] from Theorem ll.171 
holds. 

In particular, for a collection of compactly supported C°°'- simple pertur- 
bations Pi parametrized by fi, let 9 denote the multi perturbation on O so 
that 

i 

where f*Pi is as in examplc ll.161 Then for some convex C°°— neighborhood U of 
in the space of collections of compactly supported G°°'- simple perturbations 
{Pi}, for each of our obstruction models {fi/G, Vi), there exists a unique C°°'- 
weighted branched section of f*Tyert^ so that topologically locally on d{.fi), 

n 

V = y: -f"^ (60) 
fe=i 

where vanishes on marked points, and -F(i^fe) is a family of curves m Oi Cl O 
so that 



1 

W^,)) = ^-i^-^ (61) 



■ 1 



where dF{vk) — Pk,k is a section of Vi, and for any curve / G Oi fl O, if 0{f) = 
'Y^i wit^' , then the sum of the weights wi so that Bf — Qi is in Vi is equal to i 
times the number of the above i^k so that / is contained in the family F{yk). 

Say that 9 is transverse to 9 on a sub family G C fi if each of the sections of 
Vi given by dF{vk) — Pk.k from ((^0)) and ([CT]) are transverse to the zero section 
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of Vi on C. If 6' indicates the multi perturbation corresponding to a collection 
{P/} of simple perturbations close in C°°''- to {Pi}, then Theorem 14.51 implies 
that the sections z/^ corresponding to Vk will be C°°'- close to Vk, and therefore, 
the corresponding sections of Vi will also be 0°°'- close to the original sections. 
It follows that the subset of U consisting of collections of perturbations {Pi} 
so that d is transverse to 9 on any particular topologically compact sub family 
C C /i is open in the C°°'- topology. If we choose P/ — Pi to consist of multi 
perturbations which take values in Vi, then the sections u'/. from (j60p will be 
equal to the sections Vk- It follows that the subset of U so that 6 is transverse 
to 9 on a topologically compact subset C is dense and open in C°°'-, so item [3] 
from Theorem 1 1 . 1 71 holds . Similarly, given any two 9 and 9' transverse to 9 on a 
topologically compact sub family C C /i, a generic C°°'i family of perturbations 
9t joining 9 to 9' is transverse to d in the sense that the corresponding C°°'- 
family of sections of Vi analogous to dF{vk) — Pk,k is transverse to the zero 
section on C. 

Say that 9 is fixed point free on the sub family C C /i if none of the curves 
in F{vk) over C have smooth parts with a non trivial automorphism group. 
If C is topologically compact, the set of such curves in some F{vk) over C is 
topologically compact. If 9' is the multi perturbation corresponding to a close 
collection of simple perturbations, then Theorem 14.51 implies that the set of 
corresponding curves in F{v'f,) over C are close to the original set, so if 9 is 
fixed point free on C, 9' is fixed point free on C if the new simple perturbations 
are chosen close enough in C°°'-. If C is topologically compact, it is covered 
by a finite number of topologically compact subsets on which the sections Vk 
from (|60p are defined. Theorem 14.51 implies that for any close by modification 
v'^. of Vk, there exists a small modification of Pi to P/ so that v'^. is the solution 
corresponding to the modified multi perturbation 9' . If the relative dimension 
of 05 — > © is greater that 0, v'^ may be chosen so that F{v'f.) contains no curves 
who's smooth parts have non trivial automorphism group. Therefore, item 
from Theorem 1 1 . 1 71 holds and the subset of our space of perturbations U so that 
9 is fixed point free is open and dense. (This is of course not the case when the 
relative dimension of *8 — > © is zero - then all our perturbations are trivial, 
and the nature of the moduli space of holomorphic curves is easily deduced from 
Theorem 14. II ) Similarly, if the relative dimension of 05 — > © is not zero, then 
given any two perturbations 9, 9' in the set under consideration which are fixed 
point free on C, a generic family C°°'i family of perturbations 9t in the set 
under consideration joining 9 to 9' is fixed point free on C . 

The compactness properties of the moduli space of holomorphic curves proved 
in [12j imply that we may cover the component of the moduli stack of holomor- 
phic curves over 0' under study by G,; invariant topologically open sub families 
f° C fi with closures Ci C fi which are topologically compact. Let 0° denote 
the subset of Oi with core f° /Gi. Let 0° denote the union of 0°. This is some 
open substack which contains the component of the moduli stack of holomorphic 
curves over & under study. Theorem 14. 51 implies that if the collection of simple 
perturbations {Pi} is small enough in C°°'-, then if any curve / in O over & 
satisfies 9{f) = wt^^ + . . . where w > 0, then / is in 0° . So if we choose our 
open set of perturbations U small enough, item [5] from Theorem 11.171 holds . 

If we say that 9 is fixed point free and transverse to 9 if is fixed point 
free and transverse to d on all of the above subfamilies Ci, it follows that 9 
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is fixed point free and transverse to d in this sense for an open dense subset 

of perturbations in U . Suppose that 9 is fixed point free and transverse to d. 

Then define a weighted branched substack Me of 0° as foUows: locahy in 0°, 

denote by cjk the family which is the subset of F{uk) so that dgk = Pk,k hi 

the notation of ([60|) and ([61]) above. In other words, cjk corresponds to the 

transverse intersection of dF{vk) — Pk,k with the zero section. Then as is 

fixed point free, restricting to small enough neighborhoods in the family fi , the 

family gk is a substack of the moduli stack of curves. Define Me to be locally 

equal to ELi^i^'-- 

The weighted branched substack Aie has the following two properties which 

make it well defined: 

1. If around any curve / in 0°, Me is equal to J2k''^kt^'° ^^'^ ^(/) = 
'Y^-w'jt'^\ then the sum of the weights Wk so that / is in gk is equal 
to the sum of the weights w'^ so that df — Qj. 

2. If locally Me is equal to wt^ + ... , then 9{g) = vote's + . . . . 

The first property follows from the analogous fact for the multi section 

That these properties make Me well defined as a weighted branched substack 

can be proved in a similar way to uniqueness part of the statement of Theorem 

EH 

We've seen that A^e is a complete weighted branched substack of 0° of 
some fixed dimension. Me also has a well defined orientation relative to © - 
this orientation is determined as follows: 

The core family fi/Gi comes with a collection of sections corresponding to 
marked points which when taken together give a section s : S{fi) — > so 

that ev~^''{fi) : — > ExplM x |^*B^ is an equidimensional embedding in 

a neighborhood of s. The canonical orientation of ® relative to 65 given by the 
almost complex structure, and the orientation of Expl M given by the complex 

structure give an orientation to ExplA^ x ^5B^ relative to ©. Give f^^ the 

orientation relative to & so that this map ev^\fi) is oriented in a neighborhood 
of the image of s, and give fi the corresponding orientation relative to 25 so that 
the complex fibers of Sif^'^) — <■ Sifi~^) are positively oriented. 

Give the vector bundle Vi over S{fi) an orientation relative to fi as follows: 
restricted to a curve / in fi, we may identify Vi{f) with the cokernel of the 
injective Fredholm operator Dd : Xs{f) — > Ys{f). As both Xs{f) and Ys{f) 
have complex structures, and Dd is homotopic through Fredholm maps to a 
complex map, we may give an orientation of Vi{f) using the spectral flow to 
this complex map, for which the kernel and cokernel are canonically oriented by 
their complex structures. 

The orientation of fi relative to © and the orientation of Vi relative to fi 
give an orientation to the gk relative to © by considering c/k as the intersection 
of the section di/k — Pk,k of Vi with the zero section. (The order of intersection 
does not matter as Vi is always an even dimensional vector bundle because the 
index of Dd restricted to Xs{f) is even.) We must see why this construction 
gives a well defined orientation for Me relative to - in other words why we will 
get the same orientation using a different obstruction model. As a first step, 
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we may replace the family fi with the family F{vk) which actually contains 
gk, and do our calculation of orientations at a curve / in g^- This will not 
change the orientations constructed as above. We may add a collection of /' 
extra marked points and extend F{vk) to a family h with extra parameters 
corresponding to the image of these extra marked points so that e'i;+'^'+' \h) is 
an equidimensional embedding in a neighborhood of the section s' : ^{h) — > 
corresponding to all of these marked points. Denote by X'g{f ) the 
complex subspace of Xs{,f) consisting of sections which vanish at the extra 
marked points. The tangent space to the extra parameter space at the curve 
/ can also be identified with Xs{f) /X'g{f). The orientation of h relative to (5 
given by ew+''+' •* (h) agrees with the orientation from fi and the orientation from 
the almost complex structure on the extra parameter space. Again, applying 
the spectral flow to a complex operator gives an orientation of the cokernel of 
Dd : Xg{f) — > Ys{f)- This cokernel can be identified with Vi{f) times the extra 
parameter space, and the orientation of this cokernel given by the spectral flow 
is equal to the orientation of Vi{f) times the orientation given by the complex 
structure on the extra parameter space. Therefore, the orientation on Mg we 
obtain does not depend on the choice of marked points in our obstruction model. 
Theorem 13 . 1 71 implies that all obstruction models containing / with the same set 
of marked points are homotopic in some neighborhood of / as all other choices 
can be changed continuously. The orientation of fi and the orientation of Vi{f) 
given above doesn't change under homotopy, so the orientation we obtain on on 
A4g is well defined. Therefore item [6] from Theorem 11.171 holds . (Another way 
to see that this orientation is well defined would be to define a tangent space to 
the moduli stack of C°°'- curves using the existence of core families and then 
identify the tangent space to cjk with the kernel of some perturbed Dd operator, 
with an orientation given in a similar way to the orientation of V.) 

It is clear from the construction oi A4e that the restriction of the support 
of Aig to curves over ©' is topologically compact, as it is a finite union of 
topologically compact subsets, so item [7] of Theorem 1 1.1 71 is true. 

To see that A4g gives a well defined cobordism class of finite dimensional 
weighted branched substacks oriented relative to (S, first suppose that 9i is 
another multi perturbation which is fixed point free and transverse to d, defined 
using a different choice of simple perturbation {Pi.i} in U. Then we may choose 
a C°°'- family of collections of simple perturbations {Pi^t} connecting {Pi} to 
{Pi i}. As a generic such family will have the corresponding family of multi 
perturbations 9t transverse to d and fixed point free Adg will be cobordant to 
Me,. 

Now suppose that 9 and 9' are multi perturbations defined using different 
choices (including different choices of obstruction models etc.). Then we can 
consider the family of targets with one extra parameter *B x R — > x M. We 
may choose a finite collection of extendible obstruction models on 05 x M which 
cover the relevant component of holomorphic curves over & x [0, 1] and which 
restrict to be our two chosen collections on 05 x and S x 1. If 6* and 9' are 
small enough, all other choices in the above construction can also be made to 
restrict to our given choices when restricted to !B x and 58 x 1 respectively. 
Let 9 be the resulting multi perturbation which restricts to be 6* on OS x and 
6*' on !B X 1. The multi perturbation 6 is fixed point free and transverse to d 
in some neighborhood of 05 x and 05 x 1, and may be modified away from 
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these neighborhoods to be fixed point free and transverse to d. The resulting 
Mg is the required cobordism between Me and Me'- In the case that 9 and 9' 
are not small enough to extend to a multi perturbation 9 for which the above 
construction of Mg works, we may first chose smaller multi perturbations 9i 
and 6'i so that the above construction gives a cobordism of Mei to Me'^ and use 
the fact pointed out in the previous paragraph that Me is cobordant to Me^ 
and Me' is cobordant to Me'^- 

In the case of a single target *B, Me is a finite dimensianal C°°'- oriented 
weighted branched substack of the moduli stack of C°°'- curves in !B. This 
should be thought of as giving a virtual class for a component of the moduli 
space of holomorphic curves in *B, which is a cobordism class of C°°'- finite 
dimensional oriented weighted branched substacks of the moduli stack of C°°'- 
curves in 55. The above discussion implies that this virtual class behaves well 
in family of targets 58 — > ©, so enumerative invariants of holomorphic curves 
such as Gromov Witten invariants behave well in connected families of targets 
in the exploded category. 

A Construction and properties of 

In this section we fill in the details of Definition If .41 from page [31 and construct 
the family of curves /"*"" with n extra marked points from a given family of curves 
/. As the definition is inductive, with /+" = {f^"~^)~^^, we shall describe f'^^. 
This is some family of cuves 

I _ I 
that fits into the following diagram 

The total space of the domain, is constructed by 'exploding' the diagonal 
of as follows: 

Consider the diagonal map A : € — > (^Cj . The image of the tropical 
part of this map [AJ defines a subdivision of the tropical part of , which 
determines a unique refinement £' — > . Note that the diagonal map to 
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this refinement is still defined, 



/ i 

A 



and a topological neighborhood of the image of the diagonal in is equal to a 
neighborhood of in a C bundle over 

Now 'explode' the image of the diagonal in €' to make — > £' as follows: 
We may choose coordinate charts on €.' so that any coordinate chart intersect- 
ing the image of the diagonal is equal to to some subset of C x J/ where U is 
a coordinate chart on <t, the projection to <t is the obvious projection to U , 
the complex structure on the fibers of this projection is equal to the standard 
complex structure on C, and the image of the diagonal is x Replace these 
charts with the corresponding subsets of Tj x J7, and leave coordinate charts that 
do not intersect the image of the diagonal unchanged. Any transition map be- 
tween coordinate charts of the above type is of the form [z, u) ^ {g{z, u)z, (f>{u)) 
where g{z,u) is C* valued. In the corresponding 'exploded' charts, the corre- 
sponding transition map is given by {z^u) ^ {g{\z\,u)z,4>{u)). The transition 
maps between other charts can remain unchanged. This defines The map 
— *■ £' is given in the above coordinate charts by {z, u) ^ {\z\,u). Compos- 
ing this with the refinement map £' — > then gives a degree one fiberwise 
holomorphic map 

- is)] 

i i 

The map f^^ : C"*"^ — > is given by the above constructed map — > 

composed with the map 



which is / in each component. All the above maps are smooth or C°°'- if / is. 



The above construction is functorial. Given a map of families / — > g, there 
is an induced map — > 5+^. To see this, consider the naturally induced 
map 



.(/) ^*'^^^^^(^) 



i i 

I I 

dif) dig) 

As (j) X (j) sends the diagonal to the diagonal, this map lifts to the refinement 
referred to in the above construction. As </> x (/> is holomophic on fibers and 
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sends the diagonal to the diagonal, in the special coordinates on the refinement 
used in the above construction of the form {z,u) and {w,v), the map ^ x (j) is 
of the form 

(j) X ^{z,u) = {h{z,u)z,(p{u)) 

where h{z,u) is C* valued. Then the map : — > €{g~^^) is given in 
the corresponding exploded coordinates by 

cl>+\z,u) = {h{\z],u)z,ct>{u)) 

We then get a map 

i i 

i i 

I I 
d{f) dig) 

The map is clearly compatible with the maps and g'^^, so (/)+^ is a map 
of families — > It follows that the construction of /+" is functorial for 
all n. 
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